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i ) the results produced on the standard problem setup arestemisivith a wide variety of
Planetary systems: formation

other codes.

regions but performing poorly in low-density regions. Irdad

tion, the usual implementations of Lagrangian methodsedbas
1. Introduction on Smoothed Particle Hydrodynamics (SPH), do not easily al-

low the higher spatial accuracy that grid methods can emmpboy

The study of almost all astronomical objects relies on an undo they capture shocks as accurately as grid methods. By con-
derstanding of their hydrodynamics. Indeed, for many sush o trast, Eulerian methods provide a large dynamic range irsmas
jects the involved hydrodynamics are complex enough toirequ Pbut notin length. In general they are also computationaltyer
numerical modeling. The process of numerical modeling usuby several orders of magnitude, easier to implement, andreas
ally proceeds by writing partial differential equationssdeb-  to parallelize.

ing the behavior of a continuous medium as an equivalent set The RAPID code (Rapid Algorithm for Planets In Disks).

of algebraic equations for a finite set of discretized eleimen . .
This discretization can generally be performed in two défe which we present here, uses an Eulerian approach, adapted fo
a cylindrical grid. While we focus on planet-disk interacts

ways. In an Eulerian approach, one discretizes the spatial d. . -
main into volumes termed grid cells. The fluid is consideied t in this paper, the code is intended for the general study of ac

move through this fixed background grid. By contrast, in a I_a_cretlon disks containing a dominant central mass. In sush sy

: 2 - . . tems the gas disk surrounding the central object is of a small
grangian approach the fluid is discretized into fluid elerméot ; : . .
‘particles’) which can then move freely according to thei- i enough mass that its self-gravity may be ignored. Such disks

tial velocities, and only their interactions need to be niede will have a roughly Keplerian velocity profile resulting frothe

Lagrangian methods work well in situations with large back-"aS of the central object. In order to obtain higher alborit

ground flows where Eulerian methods would spend the bulk ogglgligcg éré)ttge 2@%;?;;%2;;?&%?” _lf_lr(]);v,a\lfvirﬂ?;t,esuse
their time advecting the (uninteresting) balanced flowuaug- ype alg ' g

lating numerical errors with the numerous iterations rezpli underlying strategy is to subtract off the bulk flow, whicca

Lagrangian methods have a large dynamic range in length blzte considered simply a translation of grid quantities, ilegthe

not in mass, achieving good spatial resolution in high-ttgns ynamically important residual velocity. RAPID is secooidier
' 99 P 9 accurate in space and time. Advection is accomplished gfirou

a nonlinear Total Variation Diminishing (TVD) scheme, wic
+ Corresponding author. h(—?lps to control spurious oscillations. Time-steppingdsam-
Email addressesmudryk@cita.utoronto.cé..R. Mudryk), murray@cita.utoronto.ca pllshed through a standard Runge-Kutta scheme. Operatbr Sp
(N-W. Murray). ting is used to account for multiple dimensions and souncase
doi:10.1016/j.newast.2008.05.002 such as those due to gravitational potentials and viscosity
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In Section2 we outline the fluid equations to be solved and modified versions of equation$)(3) for this choice of solution
discuss considerations of angular momentum importantder a vector, expressed in cylindrical coordinates.

curacy on cylindrical grids. In Secti®we discuss the detalils of

the RAPID algorithm. We provide results of basic hydrodyram 3 Numerical method
ical tests in Sectiod and demonstrate the code’s performance

on typical planetary disk setups in Sectibn Conclusions are
presented in Sectiof

2. Eulerian hydrodynamics

The Navier-Stokes equations may be written as

0
a_i +Vepu =0 1)
ag;t“ + V:puu + pl| = —pVo+ V.o (2)
0
g + V- [(pe +pu] = —pu-(V¢) + V- [u-a] = V-4, (3)

for the mass density, momentum densityu = p(u1, uz, us),
and total energy densitye = pe + %qu of a fluid volume.

0
The symbols: and p represent the internal energy per mass—, + =—(cw) =0
and the pressure of the fluid,represents the potential due to a

body force (such as that from an external gravitational ¥jetd
represents the non-isotropic component of the stresgrdéma-

The solution method we describe is based on the relaxing To-
tal Variation Diminishing (TVD) method byin and Xin(1995.
This method has been successfully applied to solve the Euler
equations on Cartesian grids in astrophysical simulatiyrien
(1998 andTrac and Pei{2003 2004.

3.1. Relaxation system

The relaxing TVD method solves the Euler equations by as-
suming the equations may be split into components corraspon
ing to leftward and rightward travelling waves. In place loét
Euler equations (eg4] with S = 0), the following coupled sys-
tem is solved along a single grid direction for the solutiector

q.

ot oz ®)
S a(eq) =0, ©

sor for the fluid, andy represents any heat flux. We use theThe relations; = q” + q*, andw = F/c = q* — q*, define
symbol I for the identity matrix and note that the combination the solution variables in terms of the leftward and rightivar

puu = pu,;u; is a direct product yielding a matrix for the mo-

mentum fluxes.

travelling waves. Equatiorb) represents a separate equation for
the evolution of the normalized flux vectas. The variablec

These equations express the transfer of mass, linear momeig-a positive-definite function which has the interpretated a
tum, and energy within the fluid volume written out in an arbi- speed associated with a particular grid cell. The solutosta-
trary coordinate system. In terms of a general solutionorect ble in the sense that its total variation (Sg3) decreases as

q = (p, pu1, pus, pus, pe), flux tensorF'(q), and source vector
S, these equations all have the same formally simple form

% g.p-s

ot @

long as all values of are greater than or equal to the largest
eigenvalue of the flux JacobiahF'(q)/dq (Jin and Xin 1995.
Because the the waves are split into separate rightwardedtnd |
ward components, the maximum eigenvalue of the Jacobian is
limited for both components by the valeg = |u;| + ¢s where

¢s is the sound speed for the cell. Substituting these defirstio

In the case wheré = 0 the equations reduce to the conser-into equations) and €) decouples the system and yields

vation form of the Euler equations, expressing non-dissipa
advection of fluid quantities.
In Cartesian coordinates and for the solution vegtet (p,

pug, puy, pu, pe), the Euler equations describe the evolution of

five conserved scalar quantities. However, written in dyiical

coordinates, where = (r, 0, z), and for the natural choice of

solution vectorg = (p, pu.., pug, pu., pe), only three compo-
nents of this vector are conserved scalar quantities. Thatgu

ties pu,- andpug are not conserved. We thus choose to solve fo

the solution vectog = (p, pu,, H, pu, pe), where the quantity

H = pr(up + rQ2) is the fluid’s angular momentum in the iner-

tial frame (we will refer to this quantity as thieertial angular

momentu It includes contributions from the fluid’s angular
velocityw = ug/r, as well as the reference frame’s angular ve-

r

R L
0q OF B %F o, 6
X

ot or

whereFX = cq”, and F® = ¢q'. The original coupled sys-
tem, equationsd) and @), is then equivalent to the solutions of
the two separate leftward- and rightward-moving wavesgive
in equation 7). It is now possible to separately solve for each
of the travelling waves and add the results to determineuhe f
solution along a single direction.

3.2. Solution of wave-split, one-dimensional Euler equrai

In order to solve for the advection of the separately travel-

locity 2, assumed to be oriented along the z-axis. Because ineling waves, we implement a second-order Runge-Kutta scheme

tial angular momentum is conserved in a rotating systers,at i

which uses a TVD flux-interpolation scheme to control spusio

more natural physical variable to use and doing so imprdwes t oscillations. Consider the integral form of the classicaleE

accuracy of the results (s€b.4). In the appendix we write out

equations (eq.4] with S = 0) in one dimension and for a single
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conserved fluid quantity so thatx, t) = ¢(x
this form as

0 xtdw—i——/

ot

We discretize theV-dimensional spatial domain into a uniform-
ly spaced grid of pointsg;, defined to be the centers of uniform-
ly packed rectangula¥-volumes (cells). Using this simple dis-
cretization, fluid quantities defined at cell-centered graints
may be interpreted as the cell-averaged value of the soluéo-
tor for that grid point. For a single one-dimensional celloata-
tion z; and with boundaries at4 = z;_1/2 andxp = ;1/2,
the integrals(;"” ¢dx and ["” F(x,t)dx in equation §) repre-
sent the cell-averaged fluid quantitigsand F;. Discretizing
equation 8) in terms of these cell-averaged quantities yields

,t). We can write

=0. (8)

t+At

q; :

—q;
At

Ft

t
i+1/2 Fz

~1/2
Az

=0, 9)
where superscripts reference the specific time step andgpitss
reference the spatial cell. Computig§>! for any grid cell
thus requires interpolating a value for that cell's bouydixes
Fi+,/2, based on the cell-centered fluxes of neighboring cells.
The interpolation process introduces diffusive and disiper
errors. Diffusive errors result from excessive clippingl @ver-
aging occurring during the reconstruction process, rieguin
the smearing of an initially sharp profile. Such errors are un

avoidable in computational codes, but can be minimized- Dis

persive errors result from spurious over- and undershamisre
ring during the reconstruction process. They result inirgg
type oscillations occurring near sharp discontinuitiese &n-
trol these latter errors by using a method whose total vanat
decreases at each successive time step. In order to ugdate

in equation 9), we use a second-order Runge-Kutta method: forAFzH/g =

the half-timestep we interpolate the fluxes at the boundarse
ing the first-order upwind method; for the the full time steg
use a second-order flux-limited correction to the upwindhodt
These details are described below.

3.3. TVD schemes

Harten (1983 introduced the Total Variation Diminishing
(TVD) condition as a nonlinear stability condition to ensuano-
notonicity preservation. Thital variationof an ordered series
of n points,q; at a given time step, may be defined as

V(g") = lgh — a1 + 20 thaw — D Chin)-

The variableg!, ., andg’,;, refer to local maxima and minima
in the set. Spurious oscillations increase the number oémd
and thus increase the total variation. A solution is saicetd 4D
stable if its total variation at a given time step is less tha@qual

(10)
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the direction in which fluid is advecting by assuming thatodll
the flux at a given cell boundary comes from the cell upwind
of the boundary location. Considering a one-dimensional flo
where flow to the right (larger indices) is positive, a simpfe
wind scheme can be described by

e = Fi, u; >0 (12)
Fi[-]s-l/z = Fiy1, i1 <0. (12)

Equation (1) stipulates that for flow to the right, the flux at the
rightward boundary of a given cell is assigned to be the vatue
the cell’s center, that is, the flux as defined just upwind ef th
boundary location. Equatiori®) stipulates that for flow to the
left, the flux at the leftward boundary of a given cell is assid

to be the value at the cell’s center, again, the flux upwindef t
boundary location.

It is possible to improve upon the above first-order upwind
scheme by considering second-order corrections to thgressi
fluxes. For flow to the right there are two neighboring second-
order corrections to equatiothl):

F,—F;

AF+1/2 =75 13
Fi, - F

AF+1/2 — 5

These two corrections consider the influence of flux from the
cells further to the left and to the right of thith (upwind) cell.

In a similar manner, for flow to the left there are two neighbor
ing second-order corrections to equatid?)(that consider the
influence of flux from cells to the left and right of thé+()-th
(upwind) cell:

Fiy1 — L

2
Fiyo— Fia
G

(14)
AFE 12 =
To determine the actual value of the correction to the pure-
ly upwind flux, we apply dlux limiter (AFE, AFE), which
specifies the relative weight of the two corrections. Fonagi
limiter, the second-order boundary flux used for the full Bemn
Kutta time step can be written al§ +172 T AFii1/2, where

AFii12 = (b(Ainl/W AFilil/Q)'
We consider four established limiters: Minmod, Van Leer,
Monotonized Central-difference (MC), and Superbee lirsite
all designed to satisfy the TVD condition (ed.(]), as well as a
new scheme. These limiters are defined in terms of the ledtwar
and rightward corrections in numerous sources; lseeeque

(2002, for example.

In Figure1 we portray these limiters graphically as a func-
tion of flux ratio¢ = AFL/AFZ® for the corresponding mag-

to that at the previous time step. A flux-assignment scheme toitude of the rightward flux correction ¥ = AF®. Note that

interpolate the fluxes at the boundaries of cells may be aiiyil

all the above limiters are zero when the flux corrections &re o

designated as TVD if the total variation of the assigned ffuxe opposite sign (whe# is negative) as occurs near an extremum.

decreases with each successive time step. This feature prevents growth of the extremum and ensures the
The only linear flux-assignment schemes that are TVD arénterpolation remains TVD. They are also all symmetric unde

upwind methodsGodunoy 1959. They assign flux based on exchange oAFL andAF* (in which case¢ — AFT/AFT
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T T O LIS AR ONOR O single double sweep, we write equatiai) (sing operators as
. " .

a—tj + Y Lilgj] = Sglgs) — Vigs) =0, (15)
where Np is the number of physical dimensions being model-
ing. The operatorg;[g;] represent the update of in a single
direction due to advective terms. > u;dq;/dz;, performed
by solving the relaxation system with the Runge-Kutta/TVD
scheme outlined above. The operatsgs, andV represent ad-
ditional routines which differ numerically from the TVD alg
rithm. They account for source terms (due to both gravitetio

1 potentials and cylindrical geometry) and for viscosityspec-

AF

os- [/ B tively. We have lumped the source terms due to gravity and ge-
I — | ometry into the same operator as they are both accounted for i
s T | the same subroutine. This subroutine updates the soluéon v
’ Supereee —— - = |4 tor due to the source forcing using a second-order Rung&Kut
00 i routine. The update of the solution vector due to the viggosi
0.0 05 1.0 1.5 2.0 2.5 3.0 35 . X A
¢ is performed as a direct second-order accurate differehtteo

stress tensor (se€f3.5 below). Updates of the solution vector
Figure 1: Flux corrections for various limiters: Minmod éwy, solid), Van accounting for each of the above operators are performetein t
Leer (dot-dashed), MC (fine, solid), mixed (fine, dashed), @nperbee (heavy, S€quence
dashed).

¢t = VSy4LsLaL[g;]. (16)
andAF — AFL). A second sweep is then performed using the same time/step

The region defined bAF < max(0, min(2,2¢)) satisfies  to yield the completely updated solution

non-linear stability conditions determined to be in the eyah
class of TVD-stable limitersweby 1984). Limiters thatsatisfy ¢, -~ = L1L2L3S4.sVV Sg.sLsLaL1[q;]. (17)
the above condition and that are also second-order accanate

found within the area bounded by the Superbee and Minmo@*S discussed irtrang(1968, this procedure ensures second-
limiters. order accuracy.

The Minmod limiter is the most diffusive because it alway53_5_
takes the minimum value of the possible second-order correc
tions; thus, any flux not assigned by the second-order réeans Viscosity is implemented by updating the fluid quantities du
tion ends up being smeared out over more than one grid cellg the viscosity operator equatidhy; /9t = Vg,], whereV’ is
The Van Leer, MC, and mixed limiters (see below) are progresyritten out explicitly in the appendix in terms of the stresssain
sively less diffusive, as they assign more and more of the posensors;;. Considering the update of the radial momentum com-

sible flux correction to a definite cell. Superbee is the |eist ponent of the solution vector in two dimensions as an exan]p|e
fusive second-order limiter possible but at the cost oféased e have

instability. These tradeoffs are discussed further iniSeet.
Also shown on the graph is the mixed limiter we designed,% —

Implementation of viscosity

10ro,, 100y, ooe

- (18)

which sometimes exhibits a better compromise betweenliggabi 9t 7 9r o 90 r
and higher-order accuracy. The mixed limiter is a normdlize \yhich upon substituting;; becomes
linear combination of the MC and Superbee schemes. In peacti !
we usually weight the scheme as 80% MC and 20% Superbee &, 10 ) Oou, 1 (10ru, 10ug
drawn in Figurel. ot ror [P\ "3\rar i e

10 10u, Ouyg g
3.4. Operator splitting t 5 {PV (; % o 7)} (19)

2p lug w. 1 [/10ru, 10ug

The above description suffices to solve the Euler equations  — [7” (;@ + T 3 (; or + ;W)ﬂ :
in one dimension. Multiple dimensions and additional seurc
terms present in the full Navier-Stokes equations are atedu We implement the density and velocity derivatives whichulies
for by using the operator splitting techniqueXtfang(1969. A on the right-hand side in the above equation as second-acder
full time step is performed as a double sweep through an edder curate finite differences. We thereby include all composeit
sequence of operators comprising the full equation, fir§bin  the viscous tensor in calculations with added physicalogiy
ward sequence, then in reverse. To illustrate this proaesa f (wherev # 0).
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3.6. Alterations for cylindrical grids locity is dominated by the Keplerian value, which is azinaliy
uniform at a given radius. We adopt the fast advection aligori
We can express the equations listed in the Appendix (fodescribed byMasset(2000, in order to increase algorithm effi-
zero viscosity and no gravitational potential) in a formi&&m  ciency in the presence of such nearly azimuthally uniforekba

to equation4) as ground flows. The algorithm’s underlying strategy is to sabt

9q 10rF, 10F, OF. off the pulk baclfground.f!ow,' which can be c'0n5|ldere'd simply a
=4 - + =35, (20) translation of grid quantities in the angular directioraviag the

ot r or r 00 9z dynamically important residual velocity.

whereS = (0, pu?/r+p/r,0,0,0). The discretization of equa- 'In decomposing the yelocity, the cylindrical grid is broken'
tion (20) is computationally equivalent to that of the Euler equa-UP into a series of annuli, and an averaged background vgloci
tions on a Cartesian gr|d if we u$é$1’ Ax27 Aﬂfg) — (’I”iAT, in the azimuthal direCtiomAVG (’I") is calculated for each annu-

r:A0,Az) but for the source term in thg-equation and the ex- lus. The first velocity component corresponds to the residua
tra r-multiplier in front of the radial flux. We account forgh amountu,(r,¢), by which the total velocity differs from its
source term using a second-order Runge-Kutta scheme impl@zimuthally averaged value,, (r). The averaged background
mented with operator splitting as discussed in Secigh The  Velocity is further decomposed as,, (1) = ugy (1) + e ().

extra r-multiplier is included when solving in the radiateti- ~ The former componentis constructed to correspond to the ar
tion; equivalently stated, while the azimuthal and vetiazivec-  POssible whole-number shift of grid cells in the azimuthad-

tion operators act directly on the solution vector/agq] and tion and the latter to the remaining partial-cell shift. ther of
L.|q], the radial advection operator acts on the solution vectofe€se components depend on the angular variable. The whole-

scaled by r ad,.[rq]. number shift is rounded to the nearest integer so that th&par
cell shift may be positive or negative, but will always cepend
3.7. Time step restrictions to a shift magnitude less than or equal to half a grid cell. Dhe

tal velocity at any cell on the grid is then given as

Courant-Friedrichs-Lewy{CFL) conditions are imposed to
insure that numerical information does not propagate asiphy u(r,0) = ugy (1) 4+ teg (1) + Ugys (1, 6). (21)
cally unrealistic speeds. In practise one limits the valsedufor
the time step so that waves travel less than one grid celiper t The transport of fluid quantities due to the, componentis
step. easily accomplished by numerically shifting the fluid vates

The one dimensional Euler equations support three types ¢¥ the appropriate number of cells in the azimuthal directio
waves: entropy waves which move at the fluid’s flow speed Because the shift is integral, the process does not intednoyg
and two types of acoustic waves which travel “rightward” andnumerical diffusion, nor does it limit the size of time stegrp
“leftward” at the speed of sound relative to the flow speedc, ~ Mitted by the CFL conditions.
andu — ¢, respectively. In a given cell, the maximum and  Transport of a fluid quantity along an annulus due to the
minimum values of these three speeds determines the speedpgtial-cell velocity component, which is independentiaf &iz-
which information can travel to the right and to the left,pes-  imuthal grid cell number, may be accomplished by interpogat
tively. More generally one can limit the time step due to the t  the function and redetermining the interpolation at a ehiito-
global speed extrema. These two speeds are equivalent to thation. This process is not unstable; therefore, it doesathice
largest and smallest eigenvalue of the flux Jacobiftiq)/0q  the CFL-allowed time step, but it does introduce diffusian a
as demonstrated ibaney(1999. The time step may be further peaks in the interpolated quantity are shifted by fractioha
limited by other physical restrictions such as the CFL ctiadi ~ grid cell and must then be redistributed among more than one
imposed by viscosity. Implementation of the fast-advectt  cell.
gorithm (3.8 places a further restriction on the time step in  Finally, transport of fluid quantities due to the residudt az
order to ensure that differential rotation does not causesisja- ~ muthal component is performed using the relaxing TVD algo-
cent annuli of fluid to shear past one another by more thanfa hafithm, just as for the radial velocity sweep. This transysoep
grid cell. contributes to the numerical viscosity and also lowers the s

Given these three restrictions, we determine our time stepf the time step allowed for stability. However, if the flow is
to be the global minimum from the entire grid of values, de-nearly azimuthally uniform, the residual velocity will beall
termined for each cell adt = (At;2 + At;fs + At;,?)*lﬂ, compared to the average velocity at a given radius, and thhe-co
whereAt; = min[Ar/(|u.|+cs), rA0/(Jug|+cs), Az/(Ju.|+  sponding time step will be much larger than that otherwise pe
cs)], Atyis = min[Ar?/4v, (rA0)? /4v, Az?/4v) andAt,, =  mitted by the full azimuthal velocity. In practise, the alied
(1/2)(0w/00)~t. In simulations of protoplanetary disks, the time step is increased by a factor®f- 10 times that allowed
limitation imposed by acoustic waves is almost always thetmo without removing the background flow.
restrictive.

3.8. FARGO algorithm 3.9. Boundary treatments

Accretion disks with dominant central masses have velocity Special boundary conditions are only required in the ndn-az
profiles that are nearly Keplerian. In particular the azimalive-  muthal directions. The azimuth is treated as periodic bgatly
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mapping the {Vy+1)-th cell to the 1st cell when calculating the the code again proceeds sequentially in an unbranched manne
fluxes. Because memory is shared amongst all the processors, much of
In non-azimuthal directions, we usg = 2> ghost cells  the detail of the distribution process is handled by the ®ffen
on the inner and outer edges of the computational domairs Thdirectives, themselves.
number of additional cells prevents the effects of loweteor While not presently implemented as such, the RAPID code
flux interpolations occurring at the first and last cells frprap-  is also able to be parallelized on distributed memory maashin
agating in towards the center of the domain. After the soluti using Message Passing Interface (MPI) protocols. This tfpe
guantities are updated at the end of each double sweep, lthe vparallelization is somewhat more involved as more of theidis
ues of these boundary cells are redetermined, dependirfyeon tbution details need to be explicitly specified. Typical wgges
physical effect being modeled. We consider three treatsnentor this process would involve splitting the disk into diféat
here. The first simply re-initializes the quantities in tHeogt  annular regions with overlapping boundaries. The entite-so
cells to the initial conditions or some known, prescribetliso tion process for each region of data is then handled by a sepa-

tion. The second re-assigns the cell values according to rate machine with its own memory. Because the data is perme-

nantly split among different machines, it is necessary tm-co
Q(ny—i) = WY(ny4it1)s i=0,np — 1 municate updated values of neighboring data cells betwien d
(N —nyti+1) = WYN-ny—i), &=0,np —1, (22)  ferent machines. Furthermore, the timing of tasks perforore

each of the machines must also be controlled to ensure blocks
wherew = 1 for all variables except the radial and vertical ve- of code are performed in the correct sequence. If each machin
locities for whichw = —1. This boundary treatment approxi- (as distinguished by separate memory storage) has muyftipte
mates reflecting boundary conditions for which all scalai-va cessors, it is possible to implement both MPI and OpemMP di-
ables are symmetric around the boundary while vector vimsab rectives. In the future we intend to implement such a contbine
are anti-symmetric. The third treatmentre-assigns tHeakles ~ MP1/OpenMP parallelization of the code.
according to the prescription

. 4. Basic hydrodynamic tests
Q(i+1) = Q(ny+it1) i =0,np —1 y y

UN=mp+i+1) = GN=2mpti+1), 0= 0,1 —1, (23) We perform a suite of three hydrodynamic tests: a two-di-

2 for all variables. This treatment approximates a freeastring mensional oblique shock at three angles, a Kelvin-Helmaholt
outflow boundary (KH) instability test and a cylindrical bow-shock test. Tiirst

In addition to the boundary treatments discussed above, V\}é(vo tests are .perfo'rme.‘d in Cartgsian coordingtes gnd .thtelsis
sometimes implement wave-damping conditions near thedsoun is performed in cylindrical coordinates. An adiabatic gépraof

aries, but still inside the solution domain proper. Thesgewva state withy = 5/3 is assumed for all three test. Thg reSl.“ts of
damping conditions are described by these tests are compared to those from the piece-wise piarabo

method (PPMColella and Woodward 984, as implemented in
q(r.t) = q(r,0) + [q(r,t) — q(r,0)]em eIt/ (o), (24)  VH-I", and when possible with analytical solutions. When re-

ferring to results from the RAPID code, the limiter used foe t
Such a treatment damps any perturbations about the injfiad e  simulation will be placed in parentheses. Due to the number a
librium solution that are within the distaneg of the boundary, range of parameters we wish to explore, the tests presemted i

on a spatial scal&, and on a time scale. this paper are only two-dimensional. Various three-dirneare
tests of the TVD algorithm have been performed and a three-
3.10. Parallelization dimensional test of a Sedov-Taylor blast wave may be found in

Trac and Peif2003.

The RAPID code may be parallelized for multi-processor
machines with both shared memory or distributed memory. Wd.1. Two-dimensional oblique shock
have already implemented OpenMP directives for shared-mem

ory machines using data parallelism. Because all the psoces The two-dimensional oblique shock is a version of the one-
on such shared memory machines have access to all the earialimensional Sod shock tube (seendau and Lifshitz1959 for
arrays, parallelization on such machines is relativelgight-  example) set-up in a two-dimensional box at an angle to tie bo
forward. OpenMPparallel dodirectives are used for any loop- poundaries. In the one-dimensional version of a Sod shock, a
intensive subroutines which operate on the entire solwioaly  jump discontinuity is initialized between two regions ofidlu

at least once per timestep. At the beginning of each such suRyith an initial relative velocity by requiring that the peese and
routine, the task of updating the solution array is effefisplit  gensity of two regions of fluid initially be disparate (sagps-

into several threads, each of which operates on a portioheof t rated by a membrane). In the two-dimensional oblique chse, t
entire data structure. Each thread is handled by an aveifabl  fact that the initial density and pressure discontinuities set

cessor and each thread receives its own local copy of the dafgross the grid at an angle causes the resulting shock front t
required to be updated. Once all the threads have updatied the

portion of the entire data structure, the code is effegfivelsplit,
individual pieces of the updated data are collated togetret * http://wonka.physics.ncsu.edu/pub/VH-1/
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0.4 [T ™10 bee (SB) limiter display the least diffusion, and are clasthe
g ‘ ‘ ] PPM results except that they display some spurious osoitisit

| before the shock fronts. These oscillations are indicaifvia-
dos stabilities and in practice, if the simulation has too mamycks,
] the Superbee limiter can force the size of the time step alibw
by CFL conditions too small to be of practical use. Resulisgis
the Minmod (MM) limiter display the most diffusion, but none
of the spurious oscillations.
L Y The level of diffusion (measured roughly by the error in-

] curred at discontinuities) and dispersion (measured rgugh
the amplitude of the error oscillations) for the remainiimgjters
fall inbetween those of the Superbee and Minmod limiteree Th
mixed (MB) limiter scheme (shown in the inset) has only dligh
more diffusion than the Superbee scheme and correspogdingl
has smaller pre-shock oscillations and higher stabilityprac-
tice the mixed scheme has not forced the time step size taobe to
small and has proved a good compromise between stability and
lowered diffusion. The more diffusive MC limiter (not shojvn
has almost identical results to the Van Leer (VL) limiter.

The PPM code does not exhibit oscillations before shock

Figure 2: Normalized density differences between _numba'nd analytical so-  fronts because it places further conditions on the dynathits
lutions for the PPM (solid black), RAPID (SB, solid red) and\iRD (MM, . . .
dashed black) codes. Density differences (dark lines) @&sored by the scale tend to flatten gradients both before and after a discortyinlii
on the left. The analytical solution is shown in the solidygiee, measured by ~ Should be noted that while these extra conditions may iserea

the scale on the right. Colored diamonds indicate the maxirand minimum the stabi”ty of the PPM code, they are not necessar“y pﬂaysi
differences from the analytical solution in the vicinity thie contact discontinu- constraints

ity (nearzrgiagonal = 0.5) for the above codes, as well as for the RAPID code . . .
with Van Leer and mixed limiters. Inset: density differesder all codes over a Because the Sod Shock Tube is propagating at an angle, it

limited region. also proves a useful examination of any differences caugdd b
mensional splitting in the code. FiguBeshows contour plots of
the density from the RAPID(MC) and PPM codes run as above

propagate obliquely across the box. Results of the TVD algoeXcept withy, = 0.8, andx, chosen as appropriate for the de-

rithm in the one dimensional case are describefrat and Pen  sired shock angle. For most of the length of the jump disoonti

(2003. Here we implement the shock in a two-dimensionality, the shock front is straight and propagates at the sar@edsp

-
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setup with initial conditions given by along the original diagonal. This observation indicatex the
dimensional splitting is not leading to asymmetries. As gets
1, x < x close to the ends of the shock front, the fluid is able to “bleed
P= 0.125, >0 (25)  away towards the open sides (and eventually out of the bo onc
- it reaches the boundaries). As a result the shock front kegin
_ { 1, r < Zo (26) diffract at the edges; this bending increases as the fraives
P= 0.1, x> a0 in time. Note that for th&0° and15° cases, both codes exhibit

some type of pressure/density waves in the region trailirg t
with no initial relative velocity. For a shock with an anglé o contact discontinuity.
45°, we setxy = 0.25 along the vertical and horizontal box
boundaries so that, = 1/2(0.25) along the central diagonal. A 4.2. Kelvin-Helmholtz instability
resolution of N, x N, = 180 x 180 was used.

Figure2 shows, for the above setup, normaliztifferences Here we compare results from the different RAPID limiters
between the computed density and that of the analyticalisalu  and the PPM code on simulations of the two-dimensional ielvi
Results are shown for the PPM code as well as for RAPID withyeimholtz (KH) instability. While this instability shoulde-
four different choices of limiters. All results are one-@insion-  yg|op in any two fluids with a strong enough velocity shear eom
al slices along the central diagonal of the box in the shookpr  pared to the stratification, it is difficult to capture acdahain
agation direction. For clarity, only the Superbee and Mimo nymerical simulations. Codes like the PPM code can overpro-
limiters are shown over the entire diagonal extent. Diff€&S  gyce the instability’s small-scale turbulent structuredaiven
between the computed and analytical pressure show analogokgsolution Pwarkadas et 312004, while a code with too much
results. diffusion will under-produce such structure, comparedxjoee-

The PPM code does better than any of the RAPID runs aiments. SPH codes perform particularly poorly on such a test
minimizing the diffusion near shock fronts and discontires.  when there is a density jump across the shearing region. We
The diffusion at these points varies considerably for the®RA  find that our method produces a wide range of small-scale-stru
code depending on the choice of limiter. Results from theeBup ture depending on the chosen limiter, enabling us to cotiteol
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0.00 0.20 0.40 0.60 0.80 1.00

Figure 3: Density contour plots illustrating propagatidran oblique shock at anglés= 45°, § = 30°, andd = 15° from left to right, respectively. Figures in the
top row show RAPID(MC) results, figures in the bottom row, BfeM results. The dashed lines show the initial location efdiscontinuity.

amount of small-scale structure in a simulation by choosing and¢ = 0.6, the results look quite similar. At time = 1.5,
appropriate limiter scheme. both codes show very complicated interfaces with much mgixin

The KH instability is initialized on a Cartesian grid of reso Petween the two fluid layers. As in the oblique-shock tes, th
lution N, x N, = 400 x 400 that is periodic in the x direction PPM code shows evidence of flattening or clipping of the dgnsi
and has reflecting boundaries on the top and bottom. The fluiiofile: the TVD runs exhibit larger variations in the depsiot
in the top half of the box is set moving to the left at about one2nly néar the interface, but also in the bulk regions of thielélu
thirteenth of the sound speed and the fluid on the bottom is sy contrast, the density of the PPM code is very uniform in the
moving to the right with the same speed. The densities of thBUlk section of each fluid region. .
two regions of fluid are set to values 09 and1.1 on the top The KH instability test readily demonstrates the differenic
and bottom, respectively, in order to help visualize thesiniity. ~ Petween the different limiters and codes. Given its inflpite
The interface between the two fluids is initialized to a simwey ~ Sharp interface, the KH problem is formally ill-posed, ané i
in order to excite the instability. Figureshows results from the finitely small disturbances grow infinitely fast. Becausereh
RAPID(MM,VL,MC,MB) and PPM codes. Each rows has three exists no small-scale cutoff for the dynamics, the numehiem-
panels showing density contour plots taken at 0.3, ¢ = 0.6 selves dictate the evolution on the smallest scales. We asig#h
andt = 1.5, respectively. Time is measured in units where thethat the above simulations are strictly two-dimensionac&ise
undisturbed fluid propagates completely across the box in unthe KH instability can be viewed as the evolution of a single
time. vortex sheet, it behaves very differently in two dimensithren

in three dimensions where there are extra degrees of freedom

- . i

h TtTe iugeibgz L';mtt?r protvesbtoo unstable in thlsbltest arlll(flong which the vorticity may evolve. By simulating a sthyct

shortly attert = 0.2 the time step becomes unreasonably Smally,,_gimensjonal fluid we are not able to observe its full ranf
The other limiters produce a range of small-scale strucfTine behavior

Minmod limiter produces the least structure, developinly @n

single cusp along the interface and only a single, looss egt i .

structure. In comparison, the structures produced usiayam ~ 4-3- Supersonic flow around a cylinder

Leer limiter are more tightly wound at each time. The MC lim-

iter begins to show small-scale KH instabilities formingrag In order to test the implementation of the Euler equations
the interface at t=0.3. The final cat’s eye is more tightly wddu on a cylindrical grid, we examine the formation of a bow shock
and shows increased substructure as well. The overall ténd caused by supersonic flow around a cylinder. We initialize a
increased substructure progresses through the sequetioe of cylindrical grid with a supersonic flow to the left at thremés
iters until finally the mixed (MB) limiter produces almost as the sound speed. The grid spans an annular regionZram <
much substructure as the PPM code. Indeed at the time.3  20and0 < ¢ < 27 and has a resolution o¥,. x N, = 600 x 150.
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1.00 1.05 1.10

Figure 4: Density contours for a KH instability takentat 0.3, ¢ = 0.6, andt = 1.5. The first four rows show results from RAPID using, in seqeerice Minmod,
Van Leer, MC, and mixed limiters. The last row shows resuttsifthe PPM code.

The initial density and pressure on the grid are uniform: theulating a solid cylinder around which a bow shock forms. The
density is set equal to a value of five-thirds, and the pressurouter boundary allows outflow. FiguBeshows the results from
is set to unity. The inner boundary of the grid is reflectiigi-s  RAPID(VL) and PPM simulations.
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Figure 5: Density contour plots of the steady-state derfsitthe RAPID(VL) code (left) and the PPM code (right). Thadk circles represent the boundary of the
cylinder.

The two codes both produce a density peak just in front ofA protoplanet is represented by the softened potential
the cylinder with a value close t6 (about 6 and 6.4, respec-

tively, for the PPM and RAPID(VL) codes). These peak den-% - & (27)
sities are abou®0% and96%, respectively, of the maximum- Vir—rpl? 4 €2

possible post-shock density = 4p, for an adiabatic shock of ) ) ]

index~ = 5/3. Again RAPID displays small-scale oscillations The softening length is defined to be= 0.6 (a), whereH (a)

in front of the shock, which the PPM code appears to have flatS the undisturbed disk’s scale height at radiusA “Jupiter-

tened. Both codes capture the smaller tail shocks produded a Mass” planetis defined to have a mass ratip ef m, / (m;, +

rear of the cylinder. M,) =107%.

We assume a locally isothermal equation of state in the disk,

set by the ideal gas law= pc?, where the sound speedlis set

5. The protoplanet problem to be a fixed fraction of the Keplerian speed. This staten®nt i
equivalent to assuming a thin disk, with a scale height given

Planet-disk interactions in protoplanetary systems aesoén  1/7 = ¢s/v,. We adopt the standard value &/ = 0.05 for

the primary scenarios RAPID is designed to study. Here we prah€ disk thickness. Because the pressure is prescribedms te

vide a suite of simulations detailing its performance onamst ©f the sound speed and density distribution, there is no teed

dard setup for such scenarios. We compare results for eifter SOIVe for the energy equation.

choices of solution vector, levels of added viscosity, nticad Simulations with a single planet are calculated in the frame

resolution and choice of limiters. The purpose of such a comeorotating with the planet, with the origin at the center efss of

parison is to be able to better determine which details elesker the planet and central star. This choice of origin meanstteat

within a run are physically realistic and consistent betwems  star orbits a distancea from the origin, the planet at a distance

and which are likely due to numerical artifacts. (1 — p)a. Additional simulations have been performed in the
corotating frame with the origin held fixed on the star, aslwel
as in the inertial frame with the origin fixed on the star, or at

5.1. Protoplanet problem setup the planet and star's center of mass. All these simulatield y
similar results.
The details of the setup are those usedlibyal-Borro et al. We use dimensionless units where the unit of mass is taken to

(2006 and represent what is now a standard problem in accréde M. + m;,. Length is measured in units of the planet's initial
tion disk theory. A polar grid is setup with initial conditie (de- ~ radial separation from the star and we set the gravitational
scribed below) using a given mesh resolutiép x N,y. The az-  constant; to unity. Time is measured in units of

imuthal range is always taken to per, 7], and unless otherwise

indicated, the radial range[8.4a, 2.5a|, wherea is the mean or- B a3 28
bital radius of the protoplanet. A central star is modeledaly T G(M, +myp) (28)
culating its gravitational potential at a grid positien= (r, 6) in

terms of its masd/,. and locationr, as¢,. = —GM.. /|r —r.|.  With this definition, one orbital period tak&s units of simula-
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Figure 6: Density contours for a standard Jupiter mass ringdise VL limiter. Plots in sequence are taken afiet0, 20, 50, 100, and300 orbits.

tion time. As the simulation progresses, the planet begins to clear gas

Fiducial initial conditions are those of a uniform-densfig-  from its orbit but not uniformly. Gas is more readily cleaiad
plerian disk, which is the equilibrium solution for a singlentral ~ two orbital tracks,l — 2 Hill radii (Ry = (1/3)'/?) to the in-
potential of mas$//,.. We transform the azimuthal velocity into side and the outside of the planet’s orbit. These locatioas a
the corotating frame and correct for pressure suppoitgass  the approximate distance at which the averaged torquetgiensi
V(GM,) [r[(1— (H/r)?)Y? = (r/a)?/?], wheremy = H/ris  due to neighbouring resonances peaks (around resonarere ord
the disk thickness. In order to allow the Keplerian disk tadyr-  m = 10; seeWard (1999 for details). There is a further asym-
ally adjust to the additional potential of a planet, the ptisd of  metry in the efficiency of the gas clearing for locationslingi

the planet is slowly “turned-on” according to the presdopt and leading the planet as demonstrated in Figuieshows the
density, averaged along the full azimuth direction, at fiife d
(7, 1) = sin® { t ] (1), (29) ferent Fimes during the simulation. Especially during thigial
4NT formation of the gap, the total density in the trough outdluke

planet’s orbit is much lower relative to the density in theugh
inside its orbit. In the inset, solid lines show the averaded-
sity as before, while the broken lines show the averages sepa
rated into halves fof > 0 (dashed) and < 0 (dotted). While
the gap region leading the planet seems to clear approXynate
5.2. Standard run equally inside and outside the planet’s orbit, the regiailitig
the planet to the outside clears more quickly than elsewlec

We present a standard comparison run of the code for a Jupiie region trailing the planet to the inside clears more slow
ter-mass planet, run for 300 orbits using the VL limiter sokee Note that there are regions of fluid within the gap which per-
and with resolutionV, x Ny = 384 x 384. The calculation sistovertime. These regions surroundfheandL; Lagrangian
is performed in the corotating frame, advecting the sofusiet ~ equilibrium points located & = 47 /3. In Figure6 these are
(p, pur, H), whereH = pr(uy + r§2) is the inertial angular the circularly shaped overdensities which remain withidhap.
momentum (combined gas and frame momentum). We illustrate the evolution of these regions in Figute The

In Figure 6 we show density contours aftér 10, 20, 50, density plotted has been radially averaged at each azirmuth f
100 and300 orbits. Appearance of the spiral arms occurs veryr = 0.9a tor = 1.1a. Again there is a leading-trailing asymme-
quickly (within a few dynamical times) with two trailing asn  try. This asymmetry has been observed in most planet codes to
outside the planet’s orbital radius and three arms insideoth ~ varying degrees (sate Val-Borro et al.2000.
bital radius. They are close to steady-state in the senséa In addition to the above libration islands at the and L;
occur at fixed locations within the disk when time-averagesto points, there are large over-densities which begin to develie
a few orbits although they exhibit small spatial and temposa  to the generation of vortices to either side of the gap rediun
cillations in simulations with low-viscosity. tially several small vortices develop at roughly the sandiira

wheret is the simulation time and/" = 10 is the number of
orbits over which the potential is turned on. After the prised
number of orbits the full value of the potentia),(r) is held
constant.
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Figure 7: Left: azimuthally averaged density for the staddaupiter mass run using the VL limiter. The inset displdyssame averaged densities for the 5 different
times in the solid curves along with averagesdor- 0 in the dotted curves anl < 0 in the dashed curves. Right: radially average density withé gap region
(Ir — a| < 0.1a). Note the asymmetry between the and L5 equilibrium points.

but spaced in azimuth. These vortices appear as roughly cob-3. Effects of viscosity
centric overdensities in the density contour plots (in gt

20 orbits there are two such regions at befla = 0.75 and The presence of physical viscosity tends to smooth pertur-
r/a = 1.3). As the simulation progresses the vortices grow anthations of physically conserved quantities. We paranettie
begin to merge, depending on their radial location withia th viscosity as a uniform alpha-disk model, whereby the viiigos
disk. In disks with large viscosity/(2 10°), the vortices do  coefficientr and turbulent efficiencyr are related to one an-
not form. Similar structures have been observed in otheesod other by, = «(H/r)2v/GM,r. We substitute this relation-
at low viscosity. The vortices are possibly the result of 8995 ship for the parameterin our implementation of viscosity (see
wave instabilities I.(| et a.l., 2000 2001, Lovelace et a|1999 eq. [19]) For a range ofv-values taken to ber = 10*2 _
Papaloizou and Linl989 and references therein). 10~3 (Hartmann et a).1999 and H/r = 0.05, one findsv ~

In Figure8 we present the total torque summed over vari-
ous regions of the disk, showing its evolution over the ceurs a
of the simulation. A running average over a period 0forbits 041
has been performed to smooth out some of the oscillations. As
per the treatment inle Val-Borro et al.(2006, material within L
the Hill sphere is excluded, mimicking the effect of the 1ogq 02F ‘g, .
cutoff. The gas within this region feels the softened geavit P
tional potential of the planet, rather than the long-raniggdar
potential. As theoretically predicte@6ldreich and Tremaine
198Q Ward 1986, the torque inside the planet’s orbit is positive
(transferring angular momentum to the planet), while that o
side the planet’s orbit is negative (angular momentum isstra
ferred from the planet to the exterior disk). Also as prestict |
there is an asymmetry in the magnitudes of these torqiasy ‘\ il
1996. The net torque on the planet is negative and would cause L |

—0.4
it to migrate inwards, were its orbit not held fixed. Y |
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The initially smooth and more broad-scale oscillationsef t
total torque (on a time scale of 20 orbits) are consistent with
Phase | evolution. as described m”er et al. (2003' The fre- Figure 8: Time evolution of the torque on the planet’s orhi¢do the disk. The
’ . - torque is broken up into components from the disk materisitis (dotted) and
quency of the subsequent rapid variations that developteatc outside (dashed) the planet's orbit. Also plotted is theltoet torque (solid).
the inverse period of the large vortex outside the planeb&as  Torque shown excludes material within one Hill radifty; = (12/3)1/3, of the

measured in the frame of the planet. planet.



Rapid Algorithm for Planets In Disks 13

1.0

0.5

-0.5

/a

0.5 1.0 1.5 2.0 25
r/a

0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00

1.5 2.0 25

. 25
r/a

Figure 9: Snapshots of the density af2é; 100 and300 orbits, respectively from left to right. The top row showsuks from the standard (inviscid) run. The second
row shows those from the viscous run+£ 10~5,a ~ 0.004).
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Figure 10: Comparisons of the azimuthally averaged deasitythe radially averaged density in the gap region. The lifegk haver = 1 x 10~?; the pale lines
have no added viscosity. The viscosity makes the islandsiiof $urrounding the_s and L5 points unmaintainable.

10~%5 — 10755, Figure9 shows the evolution of the density vortices in the viscous run which begin to develop, theiiahd
for a simulation withv = 1 x 10~° (atr = 1; all subsequent and azimuthal structure is smoothed out by the viscosityteNo
values ofv are quoted forr = 1). While the evolution of the thatif the added physical viscosity is reduced in order lotlaer
spiral arms occurs on the same timescale as in the invisoid ruhalf-magnitude, the libration islands and vortices arescagain
many of the structures in the simulation are no longer piteserpresent (see below).

when viscosity is added: thie, and Lj libration islands are less

marked and the vortex lines seen previously are absentréFigus 3.1. Calibration of viscosity

10 compares the radially and azimuthally averaged densities a Any numerical algorithm exhibits numerical viscosity doe t

several orbital times for runs with and without added phasic (he combined results of diffusive and dispersive errosdgised
viscosity. While it appears that there are libration iskwaehd i, £3 2) \While physical viscosity is characterized by the form of
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Figure 11: Comparisons of the azimuthally averaged demsitythe radially averaged density in the gap region at éiffevalues of added physical viscosity. All
results use the VL limiter and are takenld orbits. The addition of physical viscosity, even at the lefe~ 109, alters the results of the simulation, especially
within the gap region, suggesting the numerical viscositye simulation is at the same level or lower.

the stress-strain tensor (in a Newtonian fluid there is aymnesl  or less dispersion. They are discussed further in Seéti@n

linear relationship between stress and strain), an alguoistnu- In Figure12 we show the variation of the torques with vis-
merical viscosity will differ from the physical viscositypt only  cosity. All the torques are similar for the three lowest e wf

in the amplitude or spatial dependence of the viscosityfeoef added viscosity. Only at values of= 1 x 10~° or larger are
cient, but also in the relationship between the stress aathst the differences discernible—the torques from the inneraridr
Except for the most diffusive schemes, the numerical visgos parts of the disk both increase in magnitude, but the neutorg
of an algorithm usually displays a nonlinear dependencdien t decreases for large enough viscosities. In addition, tpiel i@s-
velocity gradient. These higher order terms tend to intoedu cillations damp beyond = 10~ because the large outer vortex
dispersion. is no longer able to form. The increase of material within the

Despite this potential incongruity between physical and nugap region with larger viscosity could explain the increase
merical viscosity, it is useful to have an estimate for theiea
of the viscosity coefficient at which the two viscosities niy
considered approximately equal in their effects. In ordedd-
termine this value, we compare the results of several siiouka
with various levels of added physical viscosity (impleneshas
described ing3.5). By reducing the value of the viscosity co-
efficient v to a point where the results of the simulations are
approximately the same irrespective of its addition, weaimbt
an estimate for the numerical viscosity present in the sitiwrh.

We note that the measure of viscosity obtained in this mataer
pends on the particulars of the setup. In higher resolutios,r
for example, we would expect the actual numerical viscasity
hibited to be smaller than the value we obtain from lower res-
olution runs. Likewise, we note it would likely be differeimt
three dimensional simulations where there exist extraateof
freedom.

Figure 11 shows the results of decreasing the value of the
physical viscosity coefficient from = 3 x 10~ tov = 1 x osl L
1075 in roughly half-magnitude increments. These simulations 0 50 100 150 2
are performed using the VL limiter scheme run @0 orbits. Crotal Feriod
Increasing the level of viscosity present narrows the gajitwi
decreases its depth, and softens the density gradientglges.  Figure 12: Time evolution of the torque on the planet fromdtsk. The torque
Even when introduced at a level af)—6 there is a difference in is broken up into components from the disk material insidztéd) and outside
the averaged density profile, especially in the gap regidis T CEer TRt bt 8 o than oné s fom the.
suggests the numerical viscosity of the code is of approtdiya planet. The palest lines have no added viscosity and frome e viscosity
the same magnitude or less. Results using other limitemsebe increases in half-magnitude increments from: 1 x 10~ to 3 x 10~4 for the
are analogous and suggest a similar level of diffusion witimen heavy black lines.
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Figure 13: Density contours aftef, 100 and300 orbits, respectively from left to right. The top row showsuks from a run which does not use the fast-advection
algorithm while the second row shows results from the stahdan (which implements the fast-advection algorithm)thbaf these two runs use the standard solution
set(p, pur, H). The third and fourth rows show results from runs using tlse alvection algorithm but which use the solution sgispu.-, H/r) and(p, pu., pug),
respectively. The two vortices still present in the last plicthe top row have merged into a single vortex by 400 orlitsyahe standard run.

magnitude of the inner and outer torques. With a large enougbf quantities by the background flow. This increased ditfusi
viscosity, the asymmetry of the density profile causing timeir  influences the formation of intermittent structures suchhas
and outer torques on the planet are smoothed out, and the nairtices and libration islands observed in the standard run
torque decreases. Further differences may also appear as a result of the choice
of solution variables. In particulaKley (1998 showed that ad-
5.4. Influence of fast-advection algorithm and choice afsoh  vecting the inertial angular momentuk = pr(ug + r2) (that
vector of both the corotating fluid and the frame), as written in equa
tion (32), produces better results than just advecting the angular
Using the fast-advection algorithm reduces the requined si  velocity in the corotating frampuy (unless otherwise marked,
ulation time by approximately the ratio of the residual azihal  uy refers to the fluid velocity in the corotating frame). In prac
velocity to the full azimuthal velocity, but this reducticomes tise this distinction is between accounting for the Cosi@nd
at the expense of increased diffusion introduced by thesprart ~ centripetal accelerations using the Euler equation saverc-
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Figure 14: Azimuthally averaged density after 100 orbigdtfland 300 orbits (right). Runs with standard resolutitme(lines) show progressive numerical diffusion
as in Figurel3. High resolution runs (heavy lines) for the two alternateicés of solution variables show markedly less diffusion.

counting for them as source terms. We perform a comparisoulation. When run at higher resolution, they show profilesmu

among three simulations that use the solution setgu,, H),

(p, pur, H/7), and(p, pu,, puy). The first of these sets uses the
inertial angular momentum as the choice of angular varjabé
second uses the inertial angular velocity as the choicegilan
variable and the third uses the corotating frame (localu&arg
velocity as the choice of angular variable. We argue thatlie
ference in the results caused by the choice of solution bi@sa
does not reflect differences in accuracy, but rather diffegs in
the amount of numerical viscosity that is present in eaclnef t
simulations.

In Figure13 we compare the density afte, 100 and300
orbits for the standard run (which makes use of the fast-@dve
tion algorithm and which uses the inertial angular momerdsm

the angular variable) against one run which does not make use

of the fast-advection algorithm, and against two additionas

which do but which implement the two alternate choices of an-

gular variables. The standard run using the fast-advection
tine requiresy.8 times fewer iterations to react0 orbits and
finishes6.6 times faster. While all simulations properly capture
the locations of the spiral arms, the overall level of dgiedisent
and both the strength and number of vortices present decireas

each successive row. This observation suggests that thef use

the fast-advection algorithm introduces extra diffusintoithe
simulation, and that the two alternate choices of angular va
ables also yield more diffusion.

In Figurel4we compare results for the azimuthally averaged

density in the gap region after 100 and 300 orbits. The psagre

sive increase in diffusion caused by the FARGO algorithm and

then by the alternate choices of solution vectors is appafdso

shown for the two alternate choices of solution vectorsesalts
from simulations run at resolutioN,. x Ny = 768 x 1252. These
high resolution results suggest that the shallow gap predién
in the runs using the inertial and corotating angular veiesiis
due to high levels of diffusion and numerical viscosity ia #im-

closer to that of the standard run. Comparison with Fidiire
suggests that the numerical viscosity using the alterrdigicn
sets(p, pu.., H/r) or (p, pu,, pug) is at least an order of mag-
nitude higher. This interpretation of the results, whichgests
that the alternate solution variables are simply more nicaky
diffusive, differs from that argued bigley (1998 in a similar
analysis.

Figure15 shows the total angular momentum in the simula-
tion as a function of time. The standard solution set losgsilan
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Figure 15: Conservation of angular momentum measuredveltd the ini-
tial amount present in the entire disk. Heavy lines showlte$tom the high
resolution runs with the alternate solution variables.
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Figure 16: Left to right: azimuthally averaged density,ia#iy averaged density in the gap region, and time evolutibiime torque for different resolutions. All results
use the VL limiter and density averages are taketodtorbits. Results in the top row have no added viscosity, tiogee bottom row have = 10~5. The torque

is broken up into components from the disk material insidetédl) and outside (dashed) the planet’s orbit. Also piboigethe total net torque (solid). The palest lines
show the lowest resolution of the five runs. The darkest lghesv the highest resolution.

Torque x 107

Figure 17: Left to right: azimuthally averaged density,iadigd averaged density in the gap region, and time evolutibthe torque for different limiters. All runs
have resolutionV,. x Ny = 384 x 384 and density averages are takeri @@ orbits. The torque is broken up into components from the diakerial inside (dotted)

and outside (dashed) the planet’s orbit. Also plotted istdlted net torque (solid). The lines from darkest to palestespond to the Minmod, Van Leer, MC, mixed
(MB), and Superbee limiters, respectively.

momentum at a rate of 1%/100 orbits, using the inertial aargul overdensities (at approximatety= 0.55 andr = 0.70) become

velocity causes a loss rate of 4%/100 orbits and using the loc apparent inside the planet’s orbit, rather than just a sifigk,
angular velocity causes a loss rate of 8%/100 orbits. or none.

Note that increasing the azimuthal resolution relativeht® t
radial resolution widens the gap profile. At resolutions veitee
results have not yet converged, it also affects some of tteglsle

The effects of numerical viscosity become more pronounce@f the structures presentwithin the disk—the vortex lines the
at lower resolutions. Figure6 shows the azimuthally and ra- the librationislands—in a more complicated manner bectiese
dially averaged densities for several different resohgiabove ~Number of iterations required to readfhy orbits differs amongst
and below that of the standard run. The effects of increasiag differing resolutions by as much as a factor of three. Thius, t
resolution are most apparent inside the planet's orbit. taw effects of numerical resolution are the result of a comjoetibe-
dial resolution appears to make the slope of the gap shallowdween an increased amount of diffusion from an increased num
on the inside edge of the planet's orbit. For the two runs withPer of iterations required, and a decreased amount of naaeri
the lowest radial resolutionV, = 128, the libration islands of ~Viscosity due to the increased grid resolution.
fluid do not exist—likely the numerical viscosity at thessae Figure16 also shows the torques as the resolution is varied.
lutions is too large for them to be maintained. Also, as tligala  The runs with the three or four highest resolutions are cbaisi

resolution increases, two distinct vortex lines and cqoesling  with one another. Note that while the magnitudes of the tesqu

5.5. Effects of resolution and evidence of numerical cayemece
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from the inner and outer disk still increase slightly wittyhér We found that the large vortex which forms outside the plan-
resolution, the total torque remains the same, exceptéotvtbh  et’s orbit causes substantial torque oscillations on tlanel
lowest resolution runs. These oscillations correspond to repeated passes of tiexvor
by the planet. Increasing the viscosity beyeng 10~° damps
5.6. Effects of the limiter scheme the formation of the vortex thereby removing the oscillgtsig-

nature from the torque. The existence of additioratex lines

The results from the Sod shock tube test and the Kelvinl© the inside of the planet's orbit are demonstrated.
Helmholtz instability in Sectiort have already illustrated that ~ We have shown that theARGOlike fast-advection algo-
the different limiters exhibit different levels of numealaiscos- ~ "ithm reduces the required simulation time by a factoi6Gf
ity—both differing diffusion and dispersion. Figut& shows N stgndard planet-disk setups. We also illustrated tht_;\gu:iae
the azimuthally and radially averaged densities for therivid, ~ inertial angular momentum rather than angular velocity 8s-a
Van Leer, MC, mixed (MB), and Superbee schemes used in th&ltion variable decreases the numerical viscosity presetite
standard run. As in Sectiofy the Superbee scheme shows theSimulations by.an order or magnitude or more. This flndlngsup
least diffusion, but the most dispersion. This conclusiaii- ~ Plements previous work bigley (1999. In addition, the choice
dent from the increased mass of the fluid in the gap region, a&f inertial angular momentum as a solution variable coreserv
well as the oscillatory density structure exhibited thefthe  the total angular momentum on the grid to higher precision.
mixed and MC schemes also show a fair amount of dispersion. We determined the level of numerical viscosity presentwith
The Van Leer limiter seems to show diffusion comparablen th in the code to ber < 107 (@ < 107), enabling the simula-
of the MC and mixed limiters but substantially less dispmsi ~ tion of scenarios with Reynolds numbers on the ordekef=
As before, the Minmod limiter shows the most diffusion. Sim- UL x 10°.
ulations run withr = 10~° (not presented) show analogous
results. Figurel7 also shows the calculated torques for eachAcknowledgements
choice of limiter. Again, these results are consistent whtise

previous. We thank L.J. Dursi for helpful discussions and a carefudrea

. of this manuscript.
6. Conclusions

- . A. Appendix
We have developed a new, efficient, parallelized hydrody-

namic code for studying accretion disk processes. The urre , ,

incarnation is optimized to study planetary disk-plané¢rac- Written out in component form for = (u;, ug,u.) and
tions. A FARGO-type algorithm is implemented to help aligrei £ = (736, 2) , the equations solved for are

CFL time step restrictions imposed by the rapidly rotatimyer o 10 10 9

disk region. Open-MP directives are also implemented taiabt Bt + ;a[prur] + ;%[p’lw] + a[puz] =0 (30)
faster computations on shared memory machines. Paratieliz 8;;u 19 10 P

on distributed memory machines (such as with Message Rassin-~— + ——[pru? + pr] + — = [pusu,] + = [pu-u,]
Interface (MPI) protocols) requires further development. ot ror r 90 0z

We have shown that the RAPID code performs comparably —— _p@Jr Loror 1000 002 090 P, pug
to the well-established piece-wise parabolic method (PBM) r v Or T 00 0z r.r 31
standard hydrodynamic tests. The largest difference wbder (31)
bgtV\{een the two algorithms is the level of pre- and postsk_)eek oH + 19 [rusH] + 19 [ue™ + pr] + 9 [u.H]
cillations that are allowed. PPM codes flatten such osiat 0t 7 Or r o0 0z (32)
quite stringently. We note that this procedure is not nexndgs _ _p@ Orovg , Ooge + raffze +op
physically motivated and may lead to a decrease in the amount 00 or a0 0z "
of structure present in some simulations. We have also credpa Opu n }ﬁ[pmruz] n 12[[)“0”2] n g[puﬁ +p]
how results from our code differ depending on the choice of flu 0t r Or r 00 0z (33)
limiter. The amounts of diffusion and dispersion vary qsité- _ 0¢ 10ro,,  100p. 0oz,
stantially, but the relative amounts amongst limiters d&rseoved TP T T or r 00 0z
to be qualitatively consistent on all tests. dpe 10 10 0

In addition, we presented a large series of comparisonson th 9t g (et p)l+ T g lua(petp)+ 5o lus(petp)]
standard protoplanet problem, showing results that arsistamt ¢ ug 0 0¢
with ensemble results from a wide variety of other codes docu  ~ ”|“" 5, " 7 90 " “* 52
mented in the protoplanet comparison projéelet al-Borro et al. 10 1
2009. In particular we confirmed the existence of libration is-  + ;g[mmr] + ;%[Umie] + E[uigiz]a
lands at thel, and L5 points, an asymmetry in the density of (34)

those islands, the sign and magnitude of the torque exerted o
the planet by the disk and the growth and merging of vorticesvhereH = pr(ug + Q) is the fluid’s inertial angular momen-
outside the planet’s orbit at low viscosity. tum, and we use the notatiefic;; = u,0,; + ugog; + u.0,;.
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The stress tensor for a compressible Newtonian fluid under
the Stoke’s assumption is

G -3 Vu %(%aam Ge-te) 3 (Fe+55)
oij=pv |3 (75 +He ) 15V 5 (FE158)|

T AR TN A
where

10ru, 10wy Ou,
Vous L tree tas

In order to close the above equations, one requires an equa-
tion of state relating the internal energy and pressureefithd.
For adiabatic fluids,

p=(y—1)pe, (352)

in terms of the adiabatic index For isothermal fluids, the pres-
sure is defined independently of the internal energy as

p=nc, (35b)

and a set prescription is used to define the sound speed.
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