PHY 140Y — FOUNDATIONS OF PHYSICS

2001-2002
Tutorial Questions #7 — Solutions
October 29/30
Work, Energy, and Power
1. A particle of mass m is suspended from a massless string of length L. The particle is

displaced along a circular path of radius L from ¢=0 to ¢=d,, as shown below, by applying

a force F that is always horizontal (for example by pulling horizontally with another
string attached to the particle). The particle is thus displaced a vertical distance h.

Assume that there is no acceleration, so that the motion is very slow.
(a) What is the magnitude F?

(b) What is the work done by the applied force as the mass moves from ¢=0 to ¢6=¢,?
(c) What is the work done by the applied force as the mass moves from ¢=0 to ¢p=¢, if F

is always directed along the arc rather than horizontally?
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Answer:

(a) Draw the free-body diagram and choose a coordinate system as above (right).

Apply Newton’s Second Law: F.,.=F+ IEg +T =ma
« direction: Feox =F+0-Tsing=ma, =0
~F=Tsing
Frry =0-mg+Tcos¢ =ma, =0
y direction: 7. .Mg
Cos ¢
Thus: F=Tsing = mY sin ¢ = mgtan ¢
cos ¢

So the applied force F varies with angle ¢ along the arc.

-
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d):d)o_>
(b) The work done by force F is: W = IF odr

0=0
Now, the displacement dr is always along the arc and so it depends on angle ¢. The angle
between dr and F is also just ¢, with: sing = % tan¢ = g—y, as shown below.
X
arc
%
¢ dr
A v
dx
q):q)o_> r(¢o) r(¢o)
W = IF o dr = J'F cos odr = J'(mg tan ¢) cos odr
=0 r(0) r(0)
r(09) r(0) dy
Therefore: = |mgsin¢dr = I mg(—}dr
r(0) r(0) dr

¥(d) h
= mg [dy = mg[dy = mg[y]; = mgh
y(0) 0

r(0=9,) x=(L-h)tan ¢,y=h x=(L-h)tan ¢,y=h
W= [Fedr= [F.ax +F,dy) = [ (mg tan ¢dx + 0)
Alternatively: xr(j’(i)h) oyt x(—jo,y—o h x:O,y:O
- I mg(—yjdx = mgjdy = ng-dy = mgh
x=0,y=0 dX 0 0

(c) If F is always directed along the arc, then the work done from ¢=0 to o=0, 1s:

0=0, =0 - ~
W = IF odr = IFdr because F || dr now.
=0 =0
Reapply Newton’s Second Law, but use a different coordinate system:
9
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Fnet, r

r direction: mgsing+0 =ma, =0

- F =mgsin¢
y direction: Frty =0-mgcos¢+T =ma, =0
- T =mgcoso
=0, r(dg) r(d)
W = [Fedr= _[Fdr = _[mg singdr  (same asabove) = ... = mgh
$=0 r(0) r(0)

Note that both of these results for the work done by F in raising mass m vertically through height
h are the same.

2. By measuring oxygen uptake, sports physiologists have found that the power output of
long-distance runners is given approximately by P = m(bv-c), where m and v are the
runner's mass and speed, respectively, and b and ¢ are constants given by b = 4.27 J kg™
m” and c=1.83 W kg™
(a) Determine the average power output and work done by a 65-kg runner who runs a 10-
km race at a speed of 5.2 m/s.

(b) If the same runner starts at speed v, = 4.8 m/s and accelerates to 6.1 m/s over a 25-s
interval, what is the runner's power output as a function of time?
(c) How much work does the runner do during the acceleration period in part (b)?

Answer:
(a) The average power output of a 65-kg runner who runs a 10-km race at a speed of 5.2 m/s is:
P = m(bv - ¢)
= 65kg(4.27J / kgm x 5.2m /s — 1.83W / kg)
= 1324 J/s = 1.3 kKW
10 x10°m
52m/s
The average work done this runner is: = 1324 J/s x1923s

=2.546 MJ=25 MJ

AW = PAt = 1324J/ s x

(b) Given v, and vt. Therefore we can calculate the (constant) rate of acceleration:
Vi =V, _ 6.1m /s—48m/s _ 0052 m/s2
At 25s

a =

The velocity as a function of time is then: ~ v(t) = v + at

Therefore, the power output as a function of time is:
P(t) = mbv(t) — c] = mb(v, + at) - c]
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(c) The work done is:

w

At At At
_[P(t)dt = _[m[b(vo +at) — cldt = m_[[bv0 + bat — cldt

2 2 -
m| bv t + bat” _ | —m bv At + DALY [V = Vo | _ cat
2 2 At

At

0

mAt{bv0 + g (v, —v,)- c}

mAtB b(v, +v,) - c}

65kg x 253{% (4.27J / kgm)(6.1m /s + 4.8m /s) — 1.83W / kg}

=35 kJ

Conservation of Energy

3. A block of mass M is released from rest near the top of a frictionless incline, as shown
below. The angle of the incline is 8. The block comes to rest momentarily after it has
compressed a spring by a distance L. The spring constant is k.

(a) How far has the block moved down the incline when the spring is compressed by
distance L?

(b) What is the speed of the block just as it touches the spring?

(c) What is the distance along the incline between the point of first contact and the point
where the block's speed is the greatest?

%

1l
o

spring k

N

Answer:
Treat the height of the block when the spring is compressed as the “zero” of potential energy.

(a) Apply Conservation of Energy: U +K, =U; +K;
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But K; = 0 because mass M starts from rest and K¢y = 0 because M comes to rest after sliding
down the slope.

Now Uj = potential energy at the initial position (due to gravity): U, = mgDsin6
where D = distance that the block moves down the inclined plane.

Similarly, Ur = potential energy at the final position (due to the spring): ~ U; = 1 kL?

U =U;
Therefore: mgD sin 6 = 1kL?
2
D=
2mgsin 0
(b) As the block touches the spring: total energy = U+ K = mgL sin6 + 1 mv?

This must equal the total energy calculated in part (a).

mgL sin 6 + 1 mv? = 1kL? mgL sin 6 + 1 mv? = mgD sin 6
Imv? = 1kL®> —mgL sin 0 or ZImv? = mgD sin 6 — mgL sin 6
2 v =,/2g(D -L)sin6
v:\/&—ZgLsine \/ o )

m

(c) Let L, = distance from the point of first contact to the point where the speed of the block is
the greatest.

The total energy when the spring is compressed by L, is:
U+K=mg(lL -L,)sin®+LkL? +1mv? = TkL?

s tmv? = 1kL* —mg(L -L,)sin®—1kL?

dv

huidl =0
dLl .

When the speed is a maximum, then:

Could solve for v first, or just use:

i(%mvz): i[%kL2 —mg(L—Lo)sine—%kLi]: 0

dL dL
- kb —-mgsing =0 for L=1L,
L. - mg sin 6

k
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4. A block slides along a track from one level to a higher level by moving through an
intermediate valley. The track is frictionless until the block reaches the higher level. At
the higher level a friction force stops the block in a distance d. If the block's initial speed
is V,, the height difference is h, and the coefficient of kinetic friction is L, what is d?

point "T" Ko

frictionless

Answer:
Treat the lower (initial) level as the “zero” of potential energy.

At the initial point: E,=U +K, =0+Imv2 =1Imv2

Call “T” the point at the start of the top level, where: E; =U; +K; =mgh+1mv}
E: =E

Apply Conservation of Energy: mgh + 2 mvi = Imv2
vZ = v2 - 2gh

Next, we need to apply Newton’s Second Law on the upper level (just consider the x
component).

Fnet,x = Fk = _ukN
~ma, =N =-umg
ax = _ukg

v,(t)=v, +a,(t-t,)

where v, = v, att=1t, =0

Vr — gt

X(t) =X, F Vox(t - to)+%ax(t - to)2

1 2 =0
= vt -z 0t

where X = X, =0 att =1t

(o]
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Define d as the distance travelled before the block comes to rest, say att =t’.

V(') =vy —ugt'=0

L t= T
w9
v vo )
d=x(t')=v t'-Ipgt?=v (—TJ—lu g(—Tj
TRk ! w9 2T w9
_ VT2 _lVTz _ VTZ
w9 ? w9 2u.9
2
L VL ) .
2u,9 2n,9 1y
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