LECTURE #24 — SUMMARY

Section IV.3 Energy in Simple Harmonic Motion

No dissipation in the system, souse E = K+ U(r) = tmv? + U(T,) - jlE odr

Enerqgy of a Spring

U(x) = U(x,)— [Fdx = - [(—kx)dx = [kxdx = kx> using x, =0 and U(x,) =0
Xs 0

0
U(x) = 1kx? = U(t) = 1kA? cos *(wt + 3)
K(x) = 1mv(x)? =K(t) = 1mA%w® sin®*(ot + 8) = 1kA? sin’(ot + 8)
using x(t)= Acos(wt+9) and v(t)=—-Awsin(wt+0)
Total mechanical energy: E = K + U = 1kA ? sin?(ot + §) + 1 kA ? cos *(ot + 8)
E = 1KAZ

u(t) 0 = 0 for this case

1 A2
Notice that U(t) and K(t) are 90° out of phase. ~ 2*" _\ﬂ/
0 t

For maximum displacement x:

U(x) = max, v(x) = min, K(x) = min K(t)
(spring extended or compressed) —;kAZ—
For minimum displacement x: 0 ﬂﬂ t
U(x) = min, v(x) = max, K(x) = max Et)
(spring at equilibrium) a2
2

Energy flows back and forth between U and K.

Energy of a Pendulum

S 0 0
U(s) = —J.Ffds =-L J.Ffde = mgL Isin 0d0 = mgL (1—cos 6) using U(s=0)=0
0 0 0

2 2
U = mgL 07 M9 o msozcosz((ot+ 8)  using cos 6 =1 _Y for 0=0.
2 2L 2L 2

2
K=1mv? :%m(d—sj =M 5 2sin2(wt+ )
dt 2L

Total mechanical energy: E =K+ U = %soz cos *(ot + &) + %soz sin?(wt + d)

_mg_ 2_mgl -

E_ o o
2L 2
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Simple Harmonic Motion — A Summary

SPRING PENDULUM
N
0
k S
v ool L
— X A m
x=0 s=0
U=0 U=0
F = ma F = ma
U U
d?x k d’s g
— = —-—X —— = — =s| for small angles
dt? m dt2 L
Both equations have the same form.
SOLUTION: SOLUTION:
x = A cos(wt + 9) s(t) = s, cos( wt + 9)
m L
A and s, are the maximum displacements.
ENERGY
2 dx K=21my2 =1 (ds jz
_ 1 _ 1 =-mv® =_m|l—
K - fmv - fm(d—tj 2 2 dt
_ 1A 2 ain2 _1mg . 2.2
= 5 kA“ sin“(ot + 9) = ETSO sin“(mt + 9)
mg .2
— 1 kx?2 u=1—"+g
U = EkX 2 L
_ 1A 2 2
= 5 kA“ cos “ (ot + ) _ %lel__gsoz cos 2 (ot + d)

(we showed for small angles)

Em = U+K = 1KkA2 Em:U+K:%n|]_—gsoz

Mechanical energy is conserved.
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Section IV.4 Damped and Driven Harmonic Motion, Resonance

Damped Harmonic Motion

Simple harmonic motion includes no forces which can dissipate energy so
mechanical energy is conserved. However, in real oscillating systems, the
energy IS usually dissipated by forces like friction. The result is NOT simple
harmonic motion. Such motion is called damped harmonic motion.

In many systems, the damping force is approximately proportional to velocity and
is in the opposite direction:
dx dx

Fioc — = —b—

dt dt
where
b = constant that describes the strength of the damping
"— " sign indicates that the damping opposes the motion
Ifv>0,then F4<0. Ifv<0,thenF4>0.

Reconsider the case of a spring with no damping: }—/ﬁm\.% Fs= -k x
2
F.= -k« =ma so —kx:mdz( > X
dt x=0
Kk

= this is the eqn of motion for SHM, with © = .|—
m

Now, what if damping is active? The equation of mm\-% F=-kx

motion becomes:
2 H X
X b sk =0 «=0
dt

Fe =—-kx—-bv=ma so m—;
dt

This is a second order ordinary differential equation. How do we solve it?
b=0: x = Acos( wt+9) SHM

b-0: try a solution of the form x = Ae *“ cos( ot + d)
where e ™ takes the damping into account

So (:I_)t( = —wAe “sin( ot +§) — oAe " cos( ot + §)

2

dt)z( = —w*Ae ™ cos( ot + §) + wo. Ae " sin( ot + §)

+ omAe “sin( ot + 8) + a*Ae " cos( ot + §)

Substitute these expressions back into the equation of motion...
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