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I.

INERTIALINSTABILITY



Definitionofinertialinstability

•Afluidinequilibriumissaidtobeinertiallyunstablewhen

disturbancesareamplifiedbyanimbalancebetweenthepressure

gradientforceandthecentrifugalforceduetothefluid’srotating.

•Axisymmetricsystemsconserveangularmomentumm≡rv,

whereristheperpendiculardistancefromtheaxisofrotation,

andvisthecomponentofvelocitytangenttothecorresponding

circleofradiusr.

•Rayleighcriterionforinertialstabilityofanaxisymmetricfluidis

thatthemagnitudeoftheangularmomentumincreaseswith

distancefromtheaxisofrotation.



Inertialinstabilityvs.convection

•Angularmomentumplaystherôleinaxisymmetricinertial

instabilitythatpotentialtemperatureplaysinadiabaticconvection.

•Recallthatpotentialtemperature,definedby

θ=

(

p00
p

)R
cp

T

isthetemperatureafluidparcelwouldhaveifitspressurewere

changedadiabaticallytop00.

•Sinceθisconservedbyfluidparcels,aparcelliftedtoanew

heightwillbewarmer(morebuoyant)thanthesurroundingfluidif

itspotentialtemperatureishigherthantheambientpotential

temperatureatitsnewheight.Itwouldthenkeeprisingandwe

concludethattheinitialconfigurationwasthereforeunstable.



•Theconditionforstaticstabilityisthus
∂θ

∂z
>0

•Similarly,theangularmomentumisameasureofthespeedaring

offluidwouldhaveifdisplacedsymmetricallytoaradiusofunity.

•ThecentrifugalforceonthefluidintheringisFc=
v
2

r
.

⇒Aringoffluiddisplacedoutwardwillhavegreaterabsolute

velocitythantheambientfluidatitsnewposition,andhencebe

acceleratedoutwards,ifthemagnitudeofitsangularmomentum

isgreaterthanthatoftheambientfluid.

⇒HencetheRayleighconditionforinertialstability
∂(m

2
)

∂r
>0

•Similarphenomenaobservedinlaboratoryexperimentsof

Rayleigh-Bénard(convection)andTaylor-Couette(flowbetween

rotatingcylinders).



Inertialadjustment

•Aninertiallyunstablesteadystatesubjecttoasmallsymmetric

perturbationwilldevelopTaylorvortexrollssuperposedonthe

tangentialflow,thusmixingangularmomentum.

•Analogously,astaticallyunstablesteadystatesubjecttoavertical

perturbationwillleadtocellsofrisinganddescendingfluid,

mixingpotentialtemperature.

•Evolutionofsystemfromunstablebasicstatetowardsstable

equilibriumcalledadjustment.

•Ifforcingwhichcreatedthebasicstateisremoved(forexampleby

nonlinearinteractionbetweensecondarycirculationandbasic

state),adjustmentleadstosmoothingofoffendingangular

momentum(potentialtemperature)gradientandremovalof

instability.
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II.

GEOPHYSICALCONTEXTOF

INERTIALINSTABILITY



•Thereisapproximatelyhydrostaticbalanceintheverticalinthe

Earth’satmosphere.Motionispredominantlyhorizontal(at

constantdistancefromtheEarth’scentre).

•ButtheRayleighcriterionreferstodistancesfromtheaxisof

rotation.

•Horizontalmotiontowardstheequatorimpliesmotionawayfrom

theaxisofrotation,andmotionawayfromtheequatorimplies

motiontowardstheaxisofrotation.

•Rayleighcriterioninatmospherebecomes:φ
∂m

∂φ
,whereφis

latitudeand

m=rcosφ(Ωrcosφ+u)

•Noticethattheplanetaryangularmomentumissymmetricabout

theequator,soanylatitudinalwindshear
∂u

∂φ
atequatoris

inertiallyunstable.



Rôleofinertialinstabilityinsolsticedynamics

•Theestimatedradiativeequilibriumtemperaturedistributionin

themiddleatmosphere(thatisthetemperaturedistributionthat

wouldobtainduetosolarheating,radiativelyactivechemistryand

outgoingradiation-intheabsenceofdynamics)issymmetric

abouttheequatorduringtheequinoxseasons.

•Butduringthesolstices,Tradisdecidedlywarmerinthesummer

hemisphere.Inparticular,themaximumvalueoccursawayfrom

theequatorandthereisalatitudinalgradientoftemperature

acrosstheequator.

•Thecorrespondingpressuregradientcannotbebalancedby

Coriolisforcesbecauseitisparalleltotherotationaxis.

•Therefore,wedon’texpecttoobservetheradiativeequilibrium

temperatureprofileattheequatorduringthesolstices.



•RecallFCoriolis=−2Ω×u,whichisnecessarilyorthogonaltoΩ

andsocannotpossiblybalancethetemperature(pressure)

gradient.



•Awayfromtheequator,theTradgradientisapproximatelyin

geostrophicbalancewiththezonalwind.

•Onthesummersideoftheequator,thegeostrophicallybalanced

windswouldbestrongenoughsothatthemaximumangular

momentumwouldbeofftheequator,violatingtheRayleigh

criterion.

•Thisconditionisthereforenotobserved.Itisbelievedthat

continuousinertialadjustmentsmoothsthetemperaturearound

theequator,andaHadleycelldevelopspreventingthetemperature

fromrelaxingtowardsradiativeequilibrium.(Causeandeffectare

abitconfusing,butthisiswhatisobservedinmodels)

•TheHadleycirculationpushesairfromsummertowinter,

smoothingtheangularmomentumgradientinthewinter

equatorialregion.



•ZonalmeantemperatureforDecember,averagedover16year

period(fromNCEP)

•Noticetemperaturegradientsflattenoverequatorialregion.



(fromSemeniukandShepherd,2001)

•Angularmomentumgradientinwinterhemisphereweakensdueto

crossequatorialflow

•Effectmostpronouncedatstratopausebecauseofmaximumozone

heating(andhencemaximumgradientinTrad)andlowdensity.



III.

SYMMETRICEQUATORIALβ-PLANE

ANELASTICSYSTEM



Traditionalhydrostaticapproximation

•Traditionalhydrostaticapproximationassumeshydrostaticbalance

intheverticaldirectionandneglectsthecosφCoriolisforceterms

duetonorthwardcomponentofrotationvector.



Enhancedequatorialβ-plane

•Nearequator,canapproximaterotationvectorbyitssecondorder

Taylorexpansionaboutφ=0

Ω=
1
2(γêy+βyêz),

whereγ=2Ωandβ=2Ω/a

(abeingthemeanradiusoftheearth).

•Latitudeisreplacedbyarclengthawayfromequatory=aφ,and

yandzaretreatedascartesiancoordinates.

•Theinclusionoftheγztermhasaneffectoncontoursof

planetaryangularmomentum...



Contoursofplanetaryangularmomentum



Anelasticequations

•Anelasticsystemderivesnamebecausetheenergythatis

conservedbytheequationsomitstheelasticenergytermwhich

involvespressureperturbations.

•Anelasticequationsdonotadmitsoundwavesolutionsbutallow

fornonhydrostaticmotion;usedtomodeldeepconvection.

•Basedonassumptionsthatpotentialtemperaturevariesbyasmall

fractionofitsmeanvalueoverthedomainandthattimescaleof

motionsisatleastN
−1

(timescaleofgravitywaves).

•Themiddleatmospheredoesnotstrictlysatisfythefirst

assumptionbecauseofthestrongstratification.Weusethe

anelasticmodelanywayforatechnicalreason.

•Continuityequationis∇·(ρ0u)(quasi-incompressible)

(c.f.Boussinesqequations)



Modifiedanelasticequations

Du

Dt−
1

S

(

−
β

δ
yv−

γ

α
w

)

+
1

B
θ0
∂π1
∂x

=0

Dv

Dt
+
1

S

(

β

δ
yu

)

+
1

B
θ0
∂π1
∂y

=0

1

α2
Dw

Dt−
1

S

γ

α
u+

1

B

[

∂

∂z
(θ0π1)+

dπ0
dz

θ1

]

=0

Dθ1
Dt

+
w

ε

dθ0
dz

=0

∂

∂t
[∇·(ρ0u)]=0,∇·(ρ0u)=0



Symmetricequations

•If
∂

∂x≡0,theresultingequationsmateriallyconservemandθ.

•SymmetricequationshaveanoncanonicalHamiltonianstructure.

•Conserveanenergyfunctional(theHamiltonian,H)andCasimir

invariantsCwhichdependonm,θandpotentialvorticity

q=
1

ρ0

(

∂θ

∂y

∂m

∂z−
∂θ

∂z

∂m

∂y

)

,

relatedtoparticlerelabellingsymmetry.

•Canuseconservedfunctionalstocalculatestabilitycriteriaforan

equilibrium.

•Recallthatfunctionalsdependonentirefunctions;theyare

functionsofaninfinitenumberof“independentvariables”.



SymmetricequationshaveHamiltonianform

mt=
1
ρ0∂(ψ,m)

ζt=∂(
1

S
(
1
2
β
δy
2
−

γ
αz,m)+∂(ψ,

1
ρ0ζ)−∂(

1
εBπ0),θ)

θt=
1
ρ0∂(ψ,θ)

where

m=u−
1
2
β
δy
2
+

γ
αz

ζ=vz−wy

θ=θ0(z)+εθ1

and

v=
1
ρ0ψz,w=−

1
ρ0ψy



withHamiltonian

H=

∫∫

{

ρ0
1

S

(

1
2
β
δy
2
−

γ
αz

)

m

+
1

2ρ0

[

(

∂ψ

∂z

)

2

+
1

α2

(

∂ψ

∂y

)

2
]

+
1

εB
ρ0π0θ

}

dydz

andCasimirsoftheform

C1=
∫∫

ρ0C1(m,θ)dydz

Moregenerally,theequationsconserve

C=
∫∫

ρ0C(m,θ,q)dydz



IV.

CONDITIONSFOR

SYMMETRICSTABILITY:

EQUATORIALβ-PLANE

ANELASTICSYSTEM



Considerratherthecleanersystem

mt=
1
ρ0∂(ψ,m)

ζt=∂(
1
2y
2
−z,m)+∂(ψ,

1
ρ0ζ)−∂(z,θ)

θt=
1
ρ0∂(ψ,θ),

withreferencestatefortheanelasticsystem

θ0(z)=Θ0

ρ0(z)=R0(1−B(Θ0)z)
cv/cp

,

inthedomain

D={(y,z)|−1≤y≤1,0≤z≤1}



SeekconditionsforstabilityofzonalbasicstateXwith

ψ=ζ=0,m=M(y,z),θ=Θ(y,z)

inthermalwindbalance

yMz+My=−Θy

Asafirststep,weseekconditionsforstabilitywithrespecttosmall

perturbations(linearstability).Tothatend,linearizeequationsabout

X:

m
′

t=
1
ρ0∂(ψ

′
,M)

ζ
′

t=∂(
1
2y
2
−z,m

′
)−∂(z,θ

′
)

θ
′

t=
1
ρ0∂(ψ

′
,Θ),



SupposethatQ(y,z)=
1
ρ0∂(Θ,M)isnonzeroeverywhereexceptona

finitesetofcurves.PartitionDaccordingly:
PSfragreplacements

y

z

equator

D
(1)

D
(2)D

(3)

D
(4)

∂D1∩∂D2

ν̂
(1)

Figure1:SamplepartitionofDintoregionswithnonzeroQ.



Consider

CL=
n∑

i=1

∫∫

D(i)

ρ0C
(i)
(m,θ)dydz

whichisnotconservedbythenonlinearequations,since

d

dtCL=
1
2

n∑

i,j=1

∫

∂D(i)∩∂D(j)

ψ
{

î×
[

(C
(j)
m−C

(i)
m)∇m

+(C
(j)
θ−C

(i)
θ)∇θ

]}

·ν̂
(i)
dl
(i)
(y,z).

Ingeneral,theC
(i)

arenotthesame,sothevalueswillnotmatchon

theboundariesforallvaluesofmandθ.



However,thefollowingfunctional,basedonthesecondvariationof

H+CL,

HL=

∫∫

D

1
ρ0

[

(ψ
′
y)
2
+(ψ

′
z)
2
]

dydz

+
n∑

i=1

∫∫

D(i)

ρ0

[

C
(i)
mm(M,Θ)m

′2
+2C

(i)
θm(M,Θ)θ

′
m
′
+C

(i)
θθ(M,Θ)θ

′2
]

dydz

isconservedbythelinearequations,provided

C
(i)
m(M,Θ)=−(

1
2y
2
−z),C

(i)
θ(M,Θ)=z

foralli,andtheC
(i)

andtheirfirstandsecondpartialderivativesall

matchontheinsideboundaries.



Then,ifthematrices

Λ
(i)
=





C
(i)
mmC

(i)
mθ

C
(i)
θmC

(i)
θθ





areallpositivedefiniteatallpoints[y(M,Θ),z(M,Θ)],thenXis

linearlystable.Moreprecisely,x
′
=0isstablewithrespecttothe

norm

||x
′
||
2
(L)λ=

∫∫

D

1
ρ0

[

(ψ
′
y)
2
+(ψ

′
z)
2
]

dydz

+

n∑

i=1

∫∫

D(i)

ρ0λ
(i)

[

m
′2
+θ

′2
]

dydz,

whereλ
(i)

istheminimumoftheeigenvaluesofΛ
(i)

forallofthe

valuesofMandΘinsideD
(i)
.(i.e.thenormwillstaysmallifit

startssmallenough.)



Theconditionsforlinearstabilitycanbewritten

C
(i)
mm(M,Θ)=

1

ρ0Q
(Θy+yΘz)>0

C
(i)
θθ(M,Θ)=−

1

ρ0Q
My>0

C
(i)
mm(M,Θ)C

(i)
θθ(M,Θ)−C

(i)
mθ

2
(M,Θ)=

y

ρ0Q
>0.

whichareconditionsforSTATIC,INERTIAL,and“SYMMETRIC”

stability.



Noticethatforlinearstability,weneededQ=0ontheequatorand

Q6=0everywhereelse,soweonlyneedtwopartitions.Toderive

nonlinearstability,wepartitionthedomainnotalongacurvefixedin

space,butalongthelineq=0whichcanmoveastheflowchanges.

Define

C=
∫∫

D

ρ0
{

C
−
(m,θ)+H(q)

[

C
+
(m,θ)−C

−
(m,θ)

]}

dydz,

where

H(q)=







0,q<0

1,q≥0
,

C
−

andC
+
andtheirfirstandsecondpartialderivativesallmatch

alongthecurvedefinedbyQ=0,and



...C
−

andC
+
satisfy

C
−

m(M,Θ)=−
[

1
2(Y

−
(M,Θ))−Z

−
(M,Θ)

]

C
−

θ(M,Θ)=Z
−
(M,Θ)

C
+
m(M,Θ)=−

[

1
2(Y

+
(M,Θ))−Z

+
(M,Θ)

]

C
+
θ(M,Θ)=Z

+
(M,Θ),

where(Y
−
,Z
−
)and(Y

+
,Z
+
)aretheinversefunctionsdefinedby

(M(y,z),Θ(y,z))intheregionswithQ<0andQ≥0respectively.

Definethepseudoenergy

A=(H+C)(ζ,m,θ)−(H+C)(0,M,Θ)

Byconstruction,AevaluatedatXvanishes,anditisconserved.If

wecanshowthatAispositiveforallx,thenwecanconcludethatX

isnonlinearlystable.



AcanberewrittenusingTaylor’sRemainderTheorem,

A=

∫∫

D

{

1
2ρ0

[

(ψy)
2
+(ψz)

2
]

+
1
2ρ0

[

C
−
mm(m̃,θ̃)(m−M)

2
+2C

−

mθ(m̃,θ̃)(m−M)(θ−Θ)

+C
−

θθ(m̃,θ̃)(θ−Θ)
2
]

+H(q)
(

C
+
(m,θ)−C

−
(m,θ)

)

−H(Q)
(

C
+
(M,Θ)−C

−
(M,Θ)

)]}

dydz.

wherem̃(y,z,t)∈[M,m]andθ̃(y,z,t)∈[Θ,θ].Iflinearconditions
aresatisfiedbyC

−
(m,θ)forallvaluesofmandθ,alltermsinAare

positiveexceptthelastpartwhichdependsontheextenttowhichC
−

andC
+
havebeenmixed,andhenceontheasymmetryofX:

Aa=

∫∫

D

1
2ρ0

[

H(q)
(

C
+
(m,θ)−C

−
(m,θ)

)

−H(Q)
(

C
+
(M,Θ)−C

−
(M,Θ)

)]

dydz.



WhileAaisnotsigndefinite,itcanbebounded:

Aa>

∫∫

D

[

−max
(M,Θ)

1
2ρ0

∣

∣

C
+
(m,θ)−C

−
(m,θ)

∣

∣

−
1
2ρ0H(Q)(C

+
(M,Θ)−C

−
(M,Θ))

]

dydz

Aa<

∫∫

D

[

max
(M,Θ)

1
2ρ0

∣

∣

C
+
(m,θ)−C

−
(m,θ)

∣

∣

−
1
2ρ0H(Q)(C

+
(M,Θ)−C

−
(M,Θ))

]

dydz,

andhopefullyC
−

andC
+
canbeextendedtoallvaluesofmandθ

insuchawaythattheboundscanbewrittenintermsofM(y,z)and

Θ(y,z).NotealsothattherolesofC
−

andC
+
canbeinterchanged

toimproveonthebounds.



InthecaseofXbeingsymmetricabouty=0,C
−
=C

+
,and

Aa=0.Wethendefineanormonthespace

∆x=x−X=(m−M,ζ,θ−Θ)

||∆x||
2
λ=

∫∫

D

{

1
2ρ0

[

(ψy)
2
+(ψz)

2
]

+
1
2ρ0λ

[

(m−M)
2
+(θ−Θ)

2
]}

dydz.

IfλistheminimumoftheeigenvaluesofthematrixΛ(m,θ)overall

possiblevaluesofmandθ(sinceΛ(m,θ)isassumedtobepositive

definite,λispositive),thenwehavethat

||∆x(t)||
2
λ≤A(x(t))=A(x(0))≤

λ+
λ||∆x(0)||

2
λ,

whereλ+isthemaximumoftheeigenvaluesofΛ,whichimpliesthat

||∆x(t)||λisboundedforalltintermsofitsinitialvalue||∆x(0)||λ.
Inparticular,x(t)canbeboundedasclosetoXasdesiredbysetting

x(0)closeenoughtoX.



V.

SOLUTIONTOANELASTICEQUATIONS

LINEARIZEDABOUTEQUILIBRIUM

WITHCONSTANTVELOCITYSHEAR



Considerbasicstatewith

M=−
1
2by

2
+λy

Θ=(εγ)(
1
2by

2
−λy)+Γz

withb,λandΓpositive.My=−by+λ,sostateisunstablein

interval0<y<λ/b(violatesconditionthatMdecreaseawayfrom

theequator).Linearizedequationsarethen

m
′

t=
1
ρ0(by−λ)ψ

′
z

ζ
′

t=
1
εθ
′

y+βym
′

z+γm
′

y

θ
′

t=−
1
ρ0(εγ)(by−λ)ψ

′
z+

1
ρ0Γψ

′
y

(β→Sδβ,γ→αγ),whicharecombinedtoget

ρ0(
1
ρ0ψ

′
z)ztt+

1
α2(ψ

′
y)ytt=−βby(y−

λ
b)ρ0(

1
ρ0ψ

′
z)z+γΓψ

′
yy



Seekseparablesolution:ψ
′
(y,z,t)=Y(y)Z(z)T(t),andfind

Y
′′
+k

2

[

ω
2
−βby(y−

λ

b
)

]

Y=0

ρ0
d

dz
(
1
ρ0Z

′
)+k

2
(
1
α2−γΓ)Z=0

T
′′
+ω

2
T=0,

wherekandωareconstants,andρ0=R0(1−Bz)
cv/cp

.Solutionis

ψ
′
(y,z,t)=exp(iωt)

×exp
[

−
1
2

√
βbk(y−

λ
2b)

2
]

Hn

[

(βbk
2
)
−

1
4(y−

λ

2b
)

]

×(1−Bz)
1
2(1+

cv

cp)
{

c1knJ1
2(1+

cv

cp)

[

k

B

√

1

α2−γΓ(1−Bz)
]

+c2knY1
2(1+

cv

cp)

[

k

B

√

1

α2−γΓ(1−Bz)
]}



wherenisanintegersatifying:

2n+1=
k
√
βb

[

ω
2
+βb

(

λ

2b

)

2
]

Solutionisunstable(growing)forω
2
<0,i.e.for

ω
2
=

√
βb

k
(2n+1)−βb

(

λ

2b

)

2

<0

Somostunstablemodeshavesmallestmeridionalindexnandlargest

vertical“wavenumber”k,sotheyarewideandshort“pancakes”.A

valueofk=2500givesunstablemodewithfourcellsinvertical

centredony=0.3.
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ANGULARMOMENTUMPERTURBATIONCONTOURS
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0

0.2

0.4

0.6

0.8

1

z

–1–0.8–0.6–0.4–0.20.20.40.60.811.21.41.61.8 y

l=10
6
m,h=10

4
m,yc=0.3,S=10

5
,δ=6,k=2500

RED=NEGATIVE,ORANGE=POSITIVE


