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I.

INERTIALINSTABILITY



Definitionofinertialinstability

•Afluidinequilibriumissaidtobeinertiallyunstablewhen

disturbancesareamplifiedbyanimbalancebetweenthepressure

gradientforceandthecentrifugalforceduetothefluid’srotating.

•Axisymmetricsystemsconserveangularmomentumm≡rv,

whereristheperpendiculardistancefromtheaxisofrotation,

andvisthecomponentofvelocitytangenttothecorresponding

circleofradiusr.

•Rayleighcriterionforinertialstabilityofanaxisymmetricfluidis

thatthemagnitudeoftheangularmomentumincreaseswith

distancefromtheaxisofrotation.



Inertialinstabilityvs.convection

•Angularmomentumplaystherôleinaxisymmetricinertial

instabilitythatpotentialtemperatureplaysinadiabaticconvection.

•Recallthatpotentialtemperature,definedby

θ=

(

p00

p

)R
cp

T

isthetemperatureafluidparcelwouldhaveifitspressurewere

changedadiabaticallytop00.

•Sinceθisconservedbyfluidparcels,aparcelliftedtoanew

heightwillbewarmer(morebuoyant)thanthesurroundingfluidif

itspotentialtemperatureishigherthantheambientpotential

temperatureatitsnewheight.Itwouldthenkeeprisingandwe

concludethattheinitialconfigurationwasthereforeunstable.



•Theconditionforstaticstabilityisthus
∂θ

∂z
>0

•Similarly,theangularmomentumisameasureofthespeedaring

offluidwouldhaveifdisplacedsymmetricallytoaradiusofunity.

•ThecentrifugalforceonthefluidintheringisFc=
v
2

r
.

⇒Aringoffluiddisplacedoutwardwillhavegreaterabsolute

velocitythantheambientfluidatitsnewposition,andhencebe

acceleratedoutwards,ifthemagnitudeofitsangularmomentum

isgreaterthanthatoftheambientfluid.

⇒HencetheRayleighconditionforinertialstability
∂(m

2
)

∂r
>0

•Similarphenomenaobservedinlaboratoryexperimentsof

Rayleigh-Bénard(convection)andTaylor-Couette(flowbetween

rotatingcylinders).



Inertialadjustment

•Aninertiallyunstablesteadystatesubjecttoasmallsymmetric

perturbationwilldevelopTaylorvortexrollssuperposedonthe

tangentialflow,thusmixingangularmomentum.

•Analogously,astaticallyunstablesteadystatesubjecttoavertical

perturbationwillleadtocellsofrisinganddescendingfluid,

mixingpotentialtemperature.

•Evolutionofsystemfromunstablebasicstatetowardsstable

equilibriumcalledadjustment.

•Ifforcingwhichcreatedthebasicstateisremoved(forexampleby

nonlinearinteractionbetweensecondarycirculationandbasic

state),adjustmentleadstosmoothingofoffendingangular

momentum(potentialtemperature)gradientandremovalof

instability.
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II.

GEOPHYSICALCONTEXTOF

INERTIALINSTABILITY



•Thereisapproximatelyhydrostaticbalanceintheverticalinthe

Earth’satmosphere.Motionispredominantlyhorizontal(at

constantdistancefromtheEarth’scentre).

•ButtheRayleighcriterionreferstodistancesfromtheaxisof

rotation.

•Horizontalmotiontowardstheequatorimpliesmotionawayfrom

theaxisofrotation,andmotionawayfromtheequatorimplies

motiontowardstheaxisofrotation.

•Rayleighcriterioninatmospherebecomes:φ
∂m

∂φ
,whereφis

latitudeand

m=rcosφ(Ωrcosφ+u)

•Noticethattheplanetaryangularmomentumissymmetricabout

theequator,soanylatitudinalwindshear
∂u

∂φ
atequatoris

inertiallyunstable.



Rôleofinertialinstabilityinsolsticedynamics

•Theestimatedradiativeequilibriumtemperaturedistributionin

themiddleatmosphere(thatisthetemperaturedistributionthat

wouldobtainduetosolarheating,radiativelyactivechemistryand

outgoingradiation-intheabsenceofdynamics)issymmetric

abouttheequatorduringtheequinoxseasons.

•Butduringthesolstices,Tradisdecidedlywarmerinthesummer

hemisphere.Inparticular,themaximumvalueoccursawayfrom

theequatorandthereisalatitudinalgradientoftemperature

acrosstheequator.

•Thecorrespondingpressuregradientcannotbebalancedby

Coriolisforcesbecauseitisparalleltotherotationaxis.

•Therefore,wedon’texpecttoobservetheradiativeequilibrium

temperatureprofileattheequatorduringthesolstices.



•RecallFCoriolis=−2Ω×u,whichisnecessarilyorthogonaltoΩ

andsocannotpossiblybalancethetemperature(pressure)

gradient.



•Awayfromtheequator,theTradgradientisapproximatelyin

geostrophicbalancewiththezonalwind.

•Onthesummersideoftheequator,thegeostrophicallybalanced

windswouldbestrongenoughsothatthemaximumangular

momentumwouldbeofftheequator,violatingtheRayleigh

criterion.

•Thisconditionisthereforenotobserved.Itisbelievedthat

continuousinertialadjustmentsmoothsthetemperaturearound

theequator,andaHadleycelldevelopspreventingthetemperature

fromrelaxingtowardsradiativeequilibrium.(Causeandeffectare

abitconfusing,butthisiswhatisobservedinmodels)

•TheHadleycirculationpushesairfromsummertowinter,

smoothingtheangularmomentumgradientinthewinter

equatorialregion.



•ZonalmeantemperatureforDecember,averagedover16year

period(fromNCEP)

•Noticetemperaturegradientsflattenoverequatorialregion.



(fromSemeniukandShepherd,2001)

•Angularmomentumgradientinwinterhemisphereweakensdueto

crossequatorialflow

•Effectmostpronouncedatstratopausebecauseofmaximumozone

heating(andhencemaximumgradientinTrad)andlowdensity.



InertialadjustmentandtheSAO

•Thezonalwindattheequatorialstratopause(≈50km)undergoes

adirectionchangetwiceeachyear(Semi-AnnualOscillation).

•Duringequinox,thewindsarewesterly(positive),believedtobe

drivenbyupwardpropagatingKelvinwaves.

•Duringsolstices,thewindsareeasterly(negative).Thecross

equatorialflowfromsummertowinteristhecause:

–Thesteadystateangularmomentumisflatacrosstheequator,

andthereisapersistentmeridionalflow,and

–airmovingtowardstheequatorwhileconservingangular

momentummustloserelativevelocity.Theresultisan

easterlyflowattheequator.



III.

DIRECTOBSERVATION



TheDunkertonsolution

•Aqualitativepictureofinertialadjustmentcomesfromsolutionof

averysimplifiedlinearsystem.

•Dunkerton(1981)solvedhydrostaticequationsonanequatorial

β-planelinearizedaboutabasicstatewithlinearvelocityshear

acrosstheequator:M(y)=u0+λy−
1

2βy
2

•Basicstateisunstableinlatituderange0<y<λ/β

•Growingmodesofthesolutionexistforverticalwavenumber

aboveaminimumvaluedependingontheshearinthebasicstate;

growthratehigherforlargershearandsmallerverticalscale

•Mostunstablemodehaslargestmeridionalscale,exhibits

verticallystackedTaylorvortices,withzonaljetsofalternating

signstackedoverequatorandtemperatureanomaliesoverequator

andonthepolewardsideoftheunstableregion.(seeoverhead)



Hayashietal.1998

•Hayashietal.(1998)analysedtemperaturedatafromCLAES

instrumentonUARSsatelliteandisolatedeventsfittingthe

Dunkertontheoreticalpictureofinertialinstability.

•Foundstrikingexamplesoflonglivedstationary“pancake

structures”inthetemperaturefieldaroundtheequatorial

stratopauseduringbothsolstices.

•Eventscorrelatedwithanomalouspotentialvorticity(dueto

angularmomentumgradient)onwintersideofequator,andwith

oppositelysignedpancakestructuresathigherwinterlatitude,

consistentwithDunkertonpicture.

•Localizedinlongitude(notaxisymmetric)



IV.

CONDITIONSFOR

SYMMETRICSTABILITY:

EQUATORIALβ-PLANE

ANELASTICSYSTEM



Traditionalhydrostaticapproximation

•Traditionalhydrostaticapproximationassumeshydrostaticbalance

intheverticaldirectionandneglectsthecosφCoriolisforceterms

duetonorthwardcomponentofrotationvector.



Enhancedequatorialβ-plane

•Nearequator,canapproximaterotationvectorbyitssecondorder

Taylorexpansionaboutφ=0

Ω=
1

2(γêy+βyêz),

whereγ=2Ωandβ=2Ω/a

(abeingthemeanradiusoftheearth).

•Latitudeisreplacedbyarclengthawayfromequatory=aφ,and

yandzaretreatedascartesiancoordinates.

•Theinclusionoftheγztermhasaneffectoncontoursof

planetaryangularmomentum...



Contoursofplanetaryangularmomentum



Anelasticequations

•Anelasticsystemderivesnamebecausetheenergythatis

conservedbytheequationsomitstheelasticenergytermwhich

involvespressureperturbations.

•Anelasticequationsdonotadmitsoundwavesolutionsbutallow

fornonhydrostaticmotion;usedtomodeldeepconvection.

•Basedonassumptionsthatpotentialtemperaturevariesbyasmall

fractionofitsmeanvalueoverthedomainandthattimescaleof

motionsisatleastN
−1

(timescaleofgravitywaves).

•Themiddleatmospheredoesnotstrictlysatisfythefirst

assumptionbecauseofthestrongstratification.Weusethe

anelasticmodelanywayforatechnicalreason.

•Continuityequationis∇·(ρ0u)(quasi-incompressible)

(c.f.Boussinesqequations)



Symmetricequations

•If
∂

∂x
≡0,theresultingequationsmateriallyconservemandθ.

•SymmetricequationshaveanoncanonicalHamiltonianstructure.

•Conserveanenergyfunctional(theHamiltonian,H)andCasimir

invariantsCwhichdependonm,θandpotentialvorticity

q=
1

ρ0

(

∂θ

∂y

∂m

∂z
−
∂θ

∂z

∂m

∂y

)

,

relatedtoparticlerelabellingsymmetry.

•Canuseconservedfunctionalstocalculatestabilitycriteriaforan

equilibrium.

•Recallthatfunctionalsdependonentirefunctions;theyare

functionsofaninfinitenumberof“independentvariables”.



Stabilityofasteadyzonalflow

•Thestateofthesystemcanbespecifiedbythevector

x(t)=(m,ζ,θ)(thethreeentriesbeingangularmomentum,the

xcomponentofvorticityζ,andpotentialtemperature)

•DefineanequilibriumzonalflowbyX=(M,0,Θ)whereM(y,z)

andΘ(y,z)areinthermalwindbalance.

•WederiveconditionsforthestabilityofXbyfindingconditions

ontheCasimirC(m,θ)suchthat(H+C)(x)isstationarywhen

evaluatedatX(meaningthatitsfunctionalderivativevanishes),

•andsuchthatthepseudoenergy

A(x;X)≡(H+C)(x)−(H+C)(X)ispositivedefiniteand

boundedforallx(sothatXisaminimumofA).



Stabilityconditions

•(Tocutalongstoryshort,)theconditionsforstabilityare

1

Q

[

βy
∂Θ

∂z
+
1

α
γ
∂Θ

∂y

]

>0staticstability

−
1

Q

∂M

∂y
>0inertialstability

βy

Q
>0,

whichcorrespondto,respectively,staticstability,inertialstability

andthesymmetricstabilityconditionthatthepotentialvorticity

Qhavethesamesignasy.



Remarks

•Conditionsagreewithourintuitionaboutastableatmosphere:

–Qpositive(negative)inthenorthern(southern)hemisphere

–|M|decreasesawayfromtheequator

–Θincreaseswithheight

•Onlyexplicitcontributionbyγtostabilityconditionsisthat

stabilityisaidediftemperatureincreasesawayfromtheequator.

(?!)...centrifugallystabletohavemoremass(colderair)at

equator(widestcircle)?

•Ofcourse,γzcontributestoM(y,z)andhenceQ(y,z)so

perhapsthereissomethinghidden.



V.

SUMMARY



Summary

•Anaxisymmetricrotatingfluidcanbesubjecttoinertialinstability

whichisanalogoustoconvection,withangularmomentumm

playingtherôleofpotentialtemperatureθ.

•Aninertiallyunstableequilibriumisunlikelytobeobserved.

Rather,evidenceofinertialadjustmentisobserved,and

interpretationsofmiddleatmosphericphenomenalikethe

Semi-AnnualOscillationbasedonitsimportanceagreewithwhat

isobserved.

•AfullerrepresentationoftheCoriolisforcevectorchangesthe

distributionofplanetaryangularmomentumandhenceshould

haveaneffectoninertialinstabilityandadjustment.

•Acalculationofsymmetricstabilityconditionsusingananelastic

equationsmodeldoesnotrevealmuchofaneffect;onlysuggesting

thatitismorestabletohavedenserfluidclosertotheequator.


