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Abstract 

Idealized GCM integrations have shown that, in the absence of com-
plex radiative-convective processes, the dry dynamics associated with 
synoptic-scale baroclinic eddies are able to produce an extratropical 
tropopause inversion layer (TIL). This inversion layer is qualitatively 
similar to the observations, but weaker in amplitude and thicker in the 
vertical. Extending that study, the impact of the stratospheric circula-
tion on the extratropical TIL is examined by introducing a polar vortex 
and a topographically-induced stratospheric variability in the idealized 
GCM. It is found that the stratospheric circulation only weakly affects 
the extratropical TIL. In particular, all integrations show that the sum-
mer hemisphere TIL is comparable to the one in the winter hemi-
sphere, in stark contrast to the observations. While further studies are 
need, these results  suggest that the stratospheric circulation is not a 
key player in setting the characteristics of the extratropical TIL. Other 
physical processes, notably radiation and convection, are likely to play 
an important role, especially for determining the different TIL structure 
in the summer and winter hemispheres.

Observations                    
• Existence : Tropopause-based (ž coordinate) T profiles show a signifi-

cant inversion layer (TIL) right above the tropopause (Fig. 1).

• Amplitude & Depth:  TIL is stronger & deeper in high latitudes (Fig. 2).

• Seasonal Variation :  TIL is stronger & sharper in summer time (Fig. 2).  190 200 210 220 230 240 250 260
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Figure 1: Averaged profiles representative of about
45◦N of (left) temperature and (right) N2. All U.S.
radiosonde observations within latitude range from
41.5◦N to 49.0◦ are included. Dotted lines indi-
cate standard average (z coordinate), solid lines in-
dicate tropopause-based average (z̃ coordinate), and
dashed lines indicate profiles of the U.S. standard air
at 45◦N. Horizontal lines denote tropopause height.
From Birner (2006).
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in winter and by about 6 km in summer. Accordingly, the
magnitude of the meridional slope of the tropopause
(j@yzTPj) at its maximum location is about twice as large
in winter (!4 " 10#3 at about 30!N) than in summer
(!2 " 10#3 at about 45!N).
[39] The thermal structure of the TIL exhibits a remark-

able seasonal variation, in contrast to most of the thermal
structure outside of the TIL. In winter, the meridional and
vertical extent of the TIL (i.e., its volume) is much larger
than in summer. On the other hand, values of N2 in the
summer TIL exceed those of the winter TIL by a factor of
about 1.5. This distinct difference between winter and
summer is referred to as the winter-summer contrast.
Outside of the extratropical tropopause region, differences
between winter and summer are rather small. It should be
remarked that in winter there exists a region (between about
14–16 km and 28!N–40!N) with somewhat reduced values
of N2 (see also SLB climatology in Figure 4). This indicates
the frequent existence of a secondary tropopause with rather
tropical/subtropical characteristics. A close analysis of this
feature is the subject of current investigation and will be
published elsewhere.
[40] The wind structure in the extratropical tropopause

region largely reflects thermal wind balance (see discussion
in section 5). In winter, the maximum wind speed exceeds
36 ms#1, whereas in summer it is smaller by about 10 ms#1.
Accordingly, wind shear values in the troposphere are
larger in winter (around 3 " 10#3 s#1) than in summer
(around 2 " 10#3 s#1). In the TIL, on the other hand, the
minimum in @zV is much more pronounced in summer
(<#5 " 10#3 s#1) than in winter (!#3 " 10#3 s#1), which is
a similar behavior to N2 within the TIL. Note that the wind
speed rather peaks right at the tropopause in winter, whereas
it peaks slightly below the tropopause in summer (as is
evident in the thermal structure taking into account the
thermal wind relation: @zu / #@yQ). Therefore the wind-
speed peaks slightly below the tropopause in the overall
mean as well (Figure 5). The wind direction (not shown) is
westerly with very small variations for the regions of strong

winds around the jet maxima in both winter and summer. In
summer, the wind reverses to easterlies within the lower
extratropical stratosphere. The subpolar region within the
present study (Alaska) exhibits southwesterly winds in both
winter and summer.
[41] ~P is rather well mixed within the troposphere in both

winter and summer, though it exhibits somewhat enhanced
values just below the tropopause. Within the overworld
(above Q = 380 K) ~P steadily increases with latitude
according to f, except for latitudes within about [40!N,
50!N] in summer where ~P is roughly constant along
isentropes with a strong gradient south of this latitude range.
This strong gradient is due to the stratospheric wind reversal
in summer (depicted as gray line in Figure 7b). Within the
TIL ~P is roughly constant along isentropes (contours of Q
and ~P run roughly parallel). Therefore, in both winter and
summer the extratropical tropopause can be viewed as
separating two well-mixed layers: the troposphere and the
TIL.

4.4. Standard Atmosphere

[42] The temperature profile of the USSA is widely used
as a background atmosphere, especially in idealized studies,
even though it was constructed about 40 years ago. Results
shown thus far, however, suggest a modification of the
USSA around the tropopause. The aim of this section is
therefore to provide a representative fine-scale reference
atmosphere of the midlatitude tropopause region by means
of T and N2.
[43] The midlatitude temperature profile of the USSA is

meant to be representative for 45!N. In order to average
profiles representative for 45!N data from all stations with
latitudes between [41.5!N, 49!N] are used, which gives an
average latitude of 44.96!N, very close to 45!N. Overall, 21
stations fall into this latitude range.
[44] Figure 8 shows climatological profiles of T and N2

comparing TB and SLB averages, as well as the USSA.
Not surprisingly (bearing the results thus far in mind),
there appear large differences between the SLB and TB
climatologies in particular around the tropopause. As in
the individual station’s climatologies, the TB-averaged
profiles exhibit a TIL. The SLB-averaged N2 profile
appears as a smoothed version of the USSA N2 profile
and lacks a well-defined tropopause. It becomes clear that
the step-like transition in the USSA N2 profile is certainly
not representative of the actual behavior of N2 at and just
above the tropopause, as captured by the TB average.
Furthermore, a strong increase in temperature just above
the tropopause in the TB climatology replaces the iso-
thermal behavior of the USSA. All in all, it is mainly the
TIL where the USSA does not appear to be representative
of the actual thermal structure which emerges in the TB
climatology.

5. Discussion

[45] The vertical structure of the TIL is characterized
by extrema in the vertical gradients of temperature and
wind. Thermal and wind structure are typically not
independent of each other. One expects, e.g., the thermal
wind relation to hold in long-term averages. Consider a
purely zonal wind; that is, V is equal to the zonal wind

Figure 8. Averaged profiles representative of about
45!N of (left) temperature and (right) buoyancy frequency
squared. All stations within the latitude range [41.5!N,
49!N] are included. Dotted lines indicate SLB average,
solid lines indicate TB average, and dashed lines indicate
profiles of the USSA at 45!N. Horizontal lines denote
zTP.
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sphere and the TIL. Note that the cyclonic shear just north
of the tropopause is most likely underestimated, as is the
anticyclonic shear just south of the tropopause, because of
the coarse latitudinal resolution in the present data set. That
is, @yPjQ is most likely even smaller than @y~PjQ within both
the troposphere and the TIL. Note further that we generally
find ! < 0.1 (not shown, compare equation (4)); that is, the
PV structure is dominated by the planetary contribution
Pplan.
[36] On overworld isentropes (above 380 K) ~P steadily

increases with latitude as in the SLB climatology (contours

of ~P are more steeply sloped than contours of Q within the
overworld in Figure 6).

4.3. Zonal Averages: Winter-Summer Contrast

[37] Figure 7 shows zonally averaged cross sections of
the climatological seasonal TB mean thermal, wind, and
approximated PV structure divided into winter (DJF) and
summer (JJA).
[38] Characteristics of the meridional structure of the

tropopause itself are quite different between winter and
summer: tropical and subpolar zTP differ by about 8.5 km

Figure 7. Zonally averaged climatological seasonal TB mean for (left) winter (December–January–
February) and (right) summer (June–July–August). (a) N2 (10!4 s!2, color shading) andQ (K, contours);
(b) @zV (10!3 s!1, color shading) and V (ms!1, contours), gray line depicts the wind reversal in summer;
and (c) ~P (PVU, color shading) and Q (K, contours, as in Figure 7a). Thick white lines, white areas, and
top parts of the diagrams in Figure 7a as in Figure 4.
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Figure 1: Averaged profiles representative of about 45◦N of (left) temperature and (right) N2.
All U.S. radiosonde observations within latitude range from 41.5◦N to 49.0◦ are included. Dotted
lines indicate standard average (z coordinate), solid lines indicate tropopause-based average (z̃
coordinate), and dashed lines indicate profiles of the U.S. standard air at 45◦N. Horizontal lines
denote tropopause height. From Birner (2006).
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Figure 2: Zonally averaged climatological tropopause-based N2 average for (left) DJF and (right)
JJA. Shading interval is 10−4s−2. Thick white area represent data gaps. Top parts of the diagrams
show the average longitude at tropopause level. From Birner (2006).

1Balanced PV dynamics 
• Through PV inversion,  Wirth (2004) found a distinct TIL associated 

with idealized axisymmetric vortices:  very strong N2 for anticy-
clonic vortices but weak N2  for cyclonic vortices above the tropo-
pause ⇒ this asymmetry causes a TIL.

Cyclonic 
Vortex

Anti-cyclonic 
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a) b)
Figure 2: Reference state corresponding to a large scale slab symmetric balanced flow with (a) a cyclonic and (b) an anticyclonic anomaly

in the tropopause region. Mirror symmetry is assumed with respect to x = 0, and only the right half of the domain is shown. The dashed

contours denote isentropes (contour interval 5 K), and the solid contours denote the magnitude of the balanced flow component v0 (contour

interval 5 ms−1). Grey shading indicates areas with stratospheric PV, i.e. PV ≥ 2 PVU (where 1 PVU = 1 m2s−1 K kg−1). The maximum

value of |v0| in (a) is 33.9 ms−1 and in (b) is 29.3 ms−1.

a) b)
Figure 3: Sawyer-Eliassen secondary circulation for the setup in which the balanced flows from Fig. 1a and b, respectively, are forced

by a barotropic deformation flow given by equation (2.3). The contours depict the streamfunction ψ (solid for positive values, dashed for

negative values), with the arrows indicating the direction of the circulation. The shading depicts areas with stratospheric PV ≥ 2 PVU.

2 Current approach

One major aspect in W03 is scale contraction through

quasi-horizontal balanced motion. In order to focus on

this aspect, we choose a setup which allows us to apply

the technique of SAWYER and ELIASSEN (e.g. chap-

ter 9 in NEWTON and HOLOPAINEN, 1990). A simi-

lar approach was used earlier by the author in a some-

what different context (see WIRTH, 2000). Point of de-

parture are the primitive equations on a midlatitude f -

plane. We specify a large-scale reference state character-

ized by slab symmetry and strict balance between wind

and temperature. As coordinates we use y in the hori-

zontal along the direction of symmetry (i.e. ∂/∂y = 0),

x in the horizontal across the direction of symmetry,

and z = −H ln(p/p0) in the vertical (where p is pres-
sure, p0 = 1000 hPa is a constant reference pressure, and
H = 7 km is a constant scale height). The square of the

buoyancy frequency is given by

N2 =
g

Ts

(
∂T
∂ z +

κ
H
T

)
(2.1)

(e.g. ANDREWS et al., 1987), where T is temperature,

g is the acceleration due to gravity, Ts = gH/R is a

constant temperature, R is the gas constant for dry air,

κ =R/cp, and cp is the specific heat at constant pressure.
As in W03 the reference state is designed such that it has

piecewise constant N2 with magnitude N2t = 10−4 s−1
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a) b)
Figure 4: Impact of the Sawyer-Eliassen secondary circulation on static stability for (a) the cyclonic and (b) the anticyclonic case. The

contours depict DN2/Dt (in 10−4 s−2/day, contour interval 0.1× 10−4 s−2/day, zero contour omitted) with solid lines for positive values
and dashed lines for negative values; minimum and maximum plotted values are: −0.61×10−4 s−2/day and +0.58×10−4 s−2/day in (a),
−0.46×10−4 s−2/day and +0.87×10−4 s−2/day in (b). The shading indiates areas with stratospheric PV ≥ 2 PVU.

For large horizontal scales and vertical scales smaller

than H , (2.14) can be approximated as

DN2

Dt
= −N2∂w

∂ z , (2.15)

where we dropped the subscript a for the vertical wind

w, since only the ageostrophic wind has a vertical com-

ponent anyway. Following a specific parcel, the evolu-

tion of N2 is given by

N
2(t) = N

2(0) e
∫ t
0 wz(t

′)dt ′ , (2.16)

where wz(t ′) denotes the partial vertical derivative of
the vertical wind at the location of the parcel at time t′.
Broadly speaking, the rate of change of N2 of a parcel

is determined by the exponentially accumulated verti-

cal divergence or convergence of the vertical wind. This

is easy to understand in terms of potential temperature

(see (2.8)), since for conservative flow isentropes (i.e.

isolines of θ ) are simply advected by the wind. To the
degree that isentropes are quasi-horizontal, their verti-

cal spacing (and, hence, N2 ∝ ∂θ/∂ z) is mainly affected
by the divergence or convergence ∂w/∂ z of the vertical
wind.

3 Results

Applying the forcing (2.3) to the two balanced flow

fields shown in Figure 2, we obtain the Sawyer-Eliassen

circulation shown in the corresponding panels of Figure

3. Apparently, the vertical wind in the vortex center is

divergent for the cyclonic case (panel a) and convergent

for the anticyclonic case (panel b). According to (2.15)

this suggests a decrease in static stability in the case of

the cyclone, while we expect an increase in static stabil-

ity for the anticyclone.

The material rate of change of N2 computed from

(2.14) is shown in Figure 4. As anticipated, in the vor-

tex center DN2/Dt is negative around the tropopause for
the cyclonic case, while it is positive for the anticyclonic

case. Generally, the magnitude of DN2/Dt is signifi-
cantly larger above the tropopause than below; it is sim-

ilar in magnitude for the cyclonic and the anticyclonic

case. Using the approximation (2.15) instead of the ex-

act relation (2.14) yields almost identical results (not

shown). This implies that DN2/Dt is essentially minus
the product of the divergence ∂w/∂ z times the buoyancy
frequency squared N2, which explains the much higher

values above the tropopause. In both cases the magni-

tude of DN2/Dt maximizes close to the tropopause, re-
flecting an analogous behaviour of ∂w/∂ z (which is not
obvious from the streamfunction plot in Figure 3.

Focusing on the stratospheric part, the whole situ-

ation is fundamentally asymmetric regarding cyclonic

and anticyclonic flow in the following sense. In the case

of a cyclone, there is material decrease of N2 in the

stratosphere, i.e. in a region where N2 is large initially.

On the other hand, in the case of an anticyclone there

is material increase of N2 which is already large ini-

tially. During the ensueing evolution (which is not con-

sidered explicitly here) the above effect accumulates.

The approximate relation (2.16) indicates that the evolu-

tion of N2 involves exponential behaviour for individual

parcels as long as wz can be considered constant. The

cyclonic and anticyclonic case essentially differ in the

sign of ∂w/∂ z, so one obtains exponential decay in the
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The approximate relation (2.16) indicates that the evolu-

tion of N2 involves exponential behaviour for individual

parcels as long as wz can be considered constant. The

cyclonic and anticyclonic case essentially differ in the

sign of ∂w/∂ z, so one obtains exponential decay in the
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Figure 3: Reference state corresponding to a large scale slab symmetric balanced flow with (left) a
cyclonic and (right) an anticyclonic anomaly in the tropopause region: (top) potential temperature
and tangential wind, (middle) azimuthal circulation, and (bottom) dN2/dt. Shading depicts areas
with stratospheric PV ≤ 2 PVU. Figures are adapted from Wirth (2004).
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in the troposphere and N2s = 4× 10−4 s−1 in the strato-
sphere. The balanced reference wind u0 = (0,v0,0) has
a component in the y direction only, satisfying the fol-

lowing thermal wind equation

g

Ts

∂T
∂x

= f
∂v0
∂ z

, (2.2)

where f = 10−4s−1 is the constant Coriolis parameter
(cf. WIRTH, 2000). Figure 2 shows two such reference

states, one for cyclonic and one for anticylonic flow.

Onto this reference state we superimpose a weak

barotropic geostrophically balanced deformation flow

field

(û, v̂) = (−kx,ky) , (2.3)

where k= 10−5s−1 is a constant. Regarding (û, v̂) as ex-
ternal forcing trying to destroy the balance (2.2), the

flow responds with a so-called Sawyer-Eliassen sec-

ondary circulation (ua,wa), which ensures that (2.2) re-
mains valid throughout the evolution. In the context of

frontogenesis, this secondary circulation leads to frontal

collapse within finite time (HOSKINS and BRETHER-

TON, 1972). Defining a streamfunction ψ through

(ρ0ua,ρ0wa) =
(
−∂ψ

∂ z
,
∂ψ
∂x

)
, (2.4)

the Sawyer-Eliassen circulation is obtained by solving

the following linear partial differential equation

∂
∂x

(
N2

∂ψ
∂x

− f
∂v0
∂ z

∂ψ
∂ z

)
(2.5)

+ ρ0
∂
∂ z

(
− f

ρ0
∂v0
∂ z

∂ψ
∂x +

fζa
ρ0

∂ψ
∂ z

)
=

= − 2ρ0
g

Ts

∂vb
∂x

.∇T

(see WIRTH, 2000), where vb = (û,v0 + v̂) and ζa =
f + ∂v0/∂x. For the deformation flow (2.3), the right

hand side of (2.5) together with (2.2) reduces to

2 fρ0k ∂v0/∂ z. In all cases considered in the current pa-
per equation (2.5) is an elliptic partial differential equa-

tion. It is solved using standard methods (e.g. WIRTH,

1995).

Since we are primarily interested in static stability,

we derive an expression for the material rate of change

of N2. With our log-p vertical coordinate potential tem-

perature is given by

θ = T eκz/H , (2.6)

implying

∂θ
∂ z =

(
∂T
∂ z +

κ
H
T

)
eκz/H (2.7)

and, hence,

N2 =
g

Ts

∂θ
∂ z

e−κz/H . (2.8)

The heat equation reads

Dθ
Dt

= Q , (2.9)

where D/Dt = ∂/∂ t + u ·∇ is the material derivative,

∇ is the three-dimensional gradient operator, and Q de-

scribes the diabatic heating. Forming ∂ (2.9)/∂ z yields

D

Dt

∂θ
∂ z = −∂u

∂ z ·∇θ +
∂Q
∂ z . (2.10)

Forming D(2.8)/Dt and using w = Dz/Dt as well as
(2.10), we obtain

DN2

Dt
=

g

Ts

[(
D

Dt

∂θ
∂ z

)
e−κz/H (2.11)

+
∂θ
∂ z e

−κz/H
(
− κ
H

) Dz
Dt

]
=

=
g

Ts
e−κz/H

[
−∂u

∂ z
∂θ
∂x

− ∂v
∂ z

∂θ
∂y

−
(

∂w
∂ z +

κ
H
w

)
∂θ
∂ z +

∂Q
∂ z

]
=

=
g

Ts

[
−∂u

∂ z
∂T
∂x − ∂v

∂ z
∂T
∂y

−
(

∂w
∂ z

+
κ
H
w

)(
∂T
∂ z

+
κ
H
T

)
+

∂Q
∂ z

e−κz/H
]

.

With the help of (2.1), this can be rewritten as

DN2

Dt
= −N2

(
∂w
∂ z

+
κ
H
w

)
(2.12)

− g

Ts

∂u
∂ z

∂T
∂x − g

Ts

∂v
∂ z

∂T
∂y +

g

Ts

∂Q
∂ z e

−κz/H .

In the current setup the total flow is the sum of three

components,

u= u0+ û+ua , (2.13)

where u0 = (0,v0,0) is the original balanced flow, û =
(û, v̂,0) is the externally imposed deformation flow,
and ua = (ua,0,wa) is the Sawyer-Eliassen circulation.
Moreover, we assume conservative conditions Q = 0.

Thanks to the assumed slab symmetry (∂/∂y = 0) and

the specific form (2.3) of û this reduces to

DN2

Dt
= −N2

(
∂wa
∂ z +

κ
H
wa

)
− g

Ts

∂ua
∂ z

∂T
∂x . (2.14)

Apparently the Sawyer-Eliassen secondary circulation

(ua,wa) plays a crucial role for the material rate of
change of N2.
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in the troposphere and N2s = 4× 10−4 s−1 in the strato-
sphere. The balanced reference wind u0 = (0,v0,0) has
a component in the y direction only, satisfying the fol-

lowing thermal wind equation

g

Ts

∂T
∂x

= f
∂v0
∂ z

, (2.2)

where f = 10−4s−1 is the constant Coriolis parameter
(cf. WIRTH, 2000). Figure 2 shows two such reference

states, one for cyclonic and one for anticylonic flow.

Onto this reference state we superimpose a weak

barotropic geostrophically balanced deformation flow

field

(û, v̂) = (−kx,ky) , (2.3)

where k= 10−5s−1 is a constant. Regarding (û, v̂) as ex-
ternal forcing trying to destroy the balance (2.2), the

flow responds with a so-called Sawyer-Eliassen sec-

ondary circulation (ua,wa), which ensures that (2.2) re-
mains valid throughout the evolution. In the context of

frontogenesis, this secondary circulation leads to frontal

collapse within finite time (HOSKINS and BRETHER-

TON, 1972). Defining a streamfunction ψ through

(ρ0ua,ρ0wa) =
(
−∂ψ

∂ z
,
∂ψ
∂x

)
, (2.4)

the Sawyer-Eliassen circulation is obtained by solving

the following linear partial differential equation

∂
∂x

(
N2
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∂v0
∂ z

∂ψ
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)
(2.5)

+ ρ0
∂
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(
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∂v0
∂ z
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∂x +

fζa
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)
=
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(see WIRTH, 2000), where vb = (û,v0 + v̂) and ζa =
f + ∂v0/∂x. For the deformation flow (2.3), the right

hand side of (2.5) together with (2.2) reduces to

2 fρ0k ∂v0/∂ z. In all cases considered in the current pa-
per equation (2.5) is an elliptic partial differential equa-

tion. It is solved using standard methods (e.g. WIRTH,

1995).

Since we are primarily interested in static stability,

we derive an expression for the material rate of change

of N2. With our log-p vertical coordinate potential tem-

perature is given by

θ = T eκz/H , (2.6)

implying

∂θ
∂ z =

(
∂T
∂ z +

κ
H
T

)
eκz/H (2.7)

and, hence,

N2 =
g

Ts

∂θ
∂ z

e−κz/H . (2.8)

The heat equation reads

Dθ
Dt

= Q , (2.9)

where D/Dt = ∂/∂ t + u ·∇ is the material derivative,

∇ is the three-dimensional gradient operator, and Q de-

scribes the diabatic heating. Forming ∂ (2.9)/∂ z yields

D

Dt

∂θ
∂ z = −∂u

∂ z ·∇θ +
∂Q
∂ z . (2.10)

Forming D(2.8)/Dt and using w = Dz/Dt as well as
(2.10), we obtain

DN2

Dt
=

g

Ts

[(
D

Dt

∂θ
∂ z

)
e−κz/H (2.11)

+
∂θ
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−κz/H
(
− κ
H

) Dz
Dt

]
=

=
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Ts
e−κz/H
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∂ z
∂θ
∂x
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∂ z

∂θ
∂y

−
(

∂w
∂ z +

κ
H
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)
∂θ
∂ z +

∂Q
∂ z

]
=

=
g

Ts

[
−∂u

∂ z
∂T
∂x − ∂v

∂ z
∂T
∂y

−
(

∂w
∂ z

+
κ
H
w

)(
∂T
∂ z

+
κ
H
T

)
+

∂Q
∂ z

e−κz/H
]

.

With the help of (2.1), this can be rewritten as

DN2

Dt
= −N2

(
∂w
∂ z

+
κ
H
w

)
(2.12)

− g

Ts

∂u
∂ z

∂T
∂x − g

Ts

∂v
∂ z

∂T
∂y +

g

Ts

∂Q
∂ z e

−κz/H .

In the current setup the total flow is the sum of three

components,

u= u0+ û+ua , (2.13)

where u0 = (0,v0,0) is the original balanced flow, û =
(û, v̂,0) is the externally imposed deformation flow,
and ua = (ua,0,wa) is the Sawyer-Eliassen circulation.
Moreover, we assume conservative conditions Q = 0.

Thanks to the assumed slab symmetry (∂/∂y = 0) and

the specific form (2.3) of û this reduces to

DN2

Dt
= −N2

(
∂wa
∂ z +

κ
H
wa

)
− g

Ts

∂ua
∂ z

∂T
∂x . (2.14)

Apparently the Sawyer-Eliassen secondary circulation

(ua,wa) plays a crucial role for the material rate of
change of N2.
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a) b)
Figure 4: Impact of the Sawyer-Eliassen secondary circulation on static stability for (a) the cyclonic and (b) the anticyclonic case. The

contours depict DN2/Dt (in 10−4 s−2/day, contour interval 0.1× 10−4 s−2/day, zero contour omitted) with solid lines for positive values
and dashed lines for negative values; minimum and maximum plotted values are: −0.61×10−4 s−2/day and +0.58×10−4 s−2/day in (a),
−0.46×10−4 s−2/day and +0.87×10−4 s−2/day in (b). The shading indiates areas with stratospheric PV ≥ 2 PVU.

For large horizontal scales and vertical scales smaller

than H , (2.14) can be approximated as

DN2

Dt
= −N2∂w

∂ z , (2.15)

where we dropped the subscript a for the vertical wind

w, since only the ageostrophic wind has a vertical com-

ponent anyway. Following a specific parcel, the evolu-

tion of N2 is given by

N
2(t) = N

2(0) e
∫ t
0 wz(t

′)dt ′ , (2.16)

where wz(t ′) denotes the partial vertical derivative of
the vertical wind at the location of the parcel at time t′.
Broadly speaking, the rate of change of N2 of a parcel

is determined by the exponentially accumulated verti-

cal divergence or convergence of the vertical wind. This

is easy to understand in terms of potential temperature

(see (2.8)), since for conservative flow isentropes (i.e.

isolines of θ ) are simply advected by the wind. To the
degree that isentropes are quasi-horizontal, their verti-

cal spacing (and, hence, N2 ∝ ∂θ/∂ z) is mainly affected
by the divergence or convergence ∂w/∂ z of the vertical
wind.

3 Results

Applying the forcing (2.3) to the two balanced flow

fields shown in Figure 2, we obtain the Sawyer-Eliassen

circulation shown in the corresponding panels of Figure

3. Apparently, the vertical wind in the vortex center is

divergent for the cyclonic case (panel a) and convergent

for the anticyclonic case (panel b). According to (2.15)

this suggests a decrease in static stability in the case of

the cyclone, while we expect an increase in static stabil-

ity for the anticyclone.

The material rate of change of N2 computed from

(2.14) is shown in Figure 4. As anticipated, in the vor-

tex center DN2/Dt is negative around the tropopause for
the cyclonic case, while it is positive for the anticyclonic

case. Generally, the magnitude of DN2/Dt is signifi-
cantly larger above the tropopause than below; it is sim-

ilar in magnitude for the cyclonic and the anticyclonic

case. Using the approximation (2.15) instead of the ex-

act relation (2.14) yields almost identical results (not

shown). This implies that DN2/Dt is essentially minus
the product of the divergence ∂w/∂ z times the buoyancy
frequency squared N2, which explains the much higher

values above the tropopause. In both cases the magni-

tude of DN2/Dt maximizes close to the tropopause, re-
flecting an analogous behaviour of ∂w/∂ z (which is not
obvious from the streamfunction plot in Figure 3.

Focusing on the stratospheric part, the whole situ-

ation is fundamentally asymmetric regarding cyclonic

and anticyclonic flow in the following sense. In the case

of a cyclone, there is material decrease of N2 in the

stratosphere, i.e. in a region where N2 is large initially.

On the other hand, in the case of an anticyclone there

is material increase of N2 which is already large ini-

tially. During the ensueing evolution (which is not con-

sidered explicitly here) the above effect accumulates.

The approximate relation (2.16) indicates that the evolu-

tion of N2 involves exponential behaviour for individual

parcels as long as wz can be considered constant. The

cyclonic and anticyclonic case essentially differ in the

sign of ∂w/∂ z, so one obtains exponential decay in the
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in the troposphere and N2s = 4× 10−4 s−1 in the strato-
sphere. The balanced reference wind u0 = (0,v0,0) has
a component in the y direction only, satisfying the fol-

lowing thermal wind equation

g

Ts

∂T
∂x

= f
∂v0
∂ z

, (2.2)

where f = 10−4s−1 is the constant Coriolis parameter
(cf. WIRTH, 2000). Figure 2 shows two such reference

states, one for cyclonic and one for anticylonic flow.

Onto this reference state we superimpose a weak

barotropic geostrophically balanced deformation flow

field

(û, v̂) = (−kx,ky) , (2.3)

where k= 10−5s−1 is a constant. Regarding (û, v̂) as ex-
ternal forcing trying to destroy the balance (2.2), the

flow responds with a so-called Sawyer-Eliassen sec-

ondary circulation (ua,wa), which ensures that (2.2) re-
mains valid throughout the evolution. In the context of

frontogenesis, this secondary circulation leads to frontal

collapse within finite time (HOSKINS and BRETHER-

TON, 1972). Defining a streamfunction ψ through

(ρ0ua,ρ0wa) =
(
−∂ψ

∂ z
,
∂ψ
∂x

)
, (2.4)

the Sawyer-Eliassen circulation is obtained by solving

the following linear partial differential equation

∂
∂x

(
N2

∂ψ
∂x

− f
∂v0
∂ z

∂ψ
∂ z

)
(2.5)

+ ρ0
∂
∂ z

(
− f

ρ0
∂v0
∂ z

∂ψ
∂x +

fζa
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∂ψ
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)
=

= − 2ρ0
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∂vb
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.∇T

(see WIRTH, 2000), where vb = (û,v0 + v̂) and ζa =
f + ∂v0/∂x. For the deformation flow (2.3), the right

hand side of (2.5) together with (2.2) reduces to

2 fρ0k ∂v0/∂ z. In all cases considered in the current pa-
per equation (2.5) is an elliptic partial differential equa-

tion. It is solved using standard methods (e.g. WIRTH,

1995).

Since we are primarily interested in static stability,

we derive an expression for the material rate of change

of N2. With our log-p vertical coordinate potential tem-

perature is given by

θ = T eκz/H , (2.6)

implying

∂θ
∂ z =

(
∂T
∂ z +

κ
H
T

)
eκz/H (2.7)

and, hence,

N2 =
g

Ts

∂θ
∂ z

e−κz/H . (2.8)

The heat equation reads

Dθ
Dt

= Q , (2.9)

where D/Dt = ∂/∂ t + u ·∇ is the material derivative,

∇ is the three-dimensional gradient operator, and Q de-

scribes the diabatic heating. Forming ∂ (2.9)/∂ z yields

D

Dt

∂θ
∂ z = −∂u

∂ z ·∇θ +
∂Q
∂ z . (2.10)

Forming D(2.8)/Dt and using w = Dz/Dt as well as
(2.10), we obtain

DN2
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=
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+
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=
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.

With the help of (2.1), this can be rewritten as

DN2
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= −N2
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+
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In the current setup the total flow is the sum of three

components,

u= u0+ û+ua , (2.13)

where u0 = (0,v0,0) is the original balanced flow, û =
(û, v̂,0) is the externally imposed deformation flow,
and ua = (ua,0,wa) is the Sawyer-Eliassen circulation.
Moreover, we assume conservative conditions Q = 0.

Thanks to the assumed slab symmetry (∂/∂y = 0) and

the specific form (2.3) of û this reduces to

DN2

Dt
= −N2

(
∂wa
∂ z +

κ
H
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)
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Ts
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∂ z

∂T
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Apparently the Sawyer-Eliassen secondary circulation

(ua,wa) plays a crucial role for the material rate of
change of N2.

Log-p coordinate

Assume 
   vortex symmetry (d/dy=0), 
   large horizontal scale (d/dx≈0),  
   small vertical scale

dynamic 
forcing

diabatic 
forcing

Questions & Approaches

• The internal variability of the stratosphere may change the TIL by 
modifying the vertical structure of w.  How much?  The effect of 
stratospheric circulation on the TIL is examined by introducing a 
polar vortex and topography to the idealized GCM (Gerber and 
Polvani 2008). 

• GFDL dynamic core AGCM with a Held-Suarez configuration 
(T42L40):  temperature is relaxed to the zonally symmetric equilib-
rium temperature profile Te, and the momentum is dissipated by a 
simple surface drag.

• Use last 1000 days from 1300-day long integrations.  All fields are 
generated on the tropopause-based ž coordinate for 10 randomly 
chosen points.

Results

I. Equilibrium Te and N2 
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Figure 3: Reference state corresponding to a large scale slab symmetric balanced flow with (left) a
cyclonic and (right) an anticyclonic anomaly in the tropopause region: (top) potential temperature
and tangential wind, (middle) azimuthal circulation, and (bottom) dN2/dt. Shading depicts areas
with stratospheric PV ≤ 2 PVU. Figures are adapted from Wirth (2004).
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Figure 4: Te and N2 profiles for the winter Hemisphere runs. Topography (3-km high mountains
at 45◦N with zonal wave number 2 pattern) is shown in black. The summer Hemisphere run is
identical to γ=0 run but latitudinal structure of Te is reversed.
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Figure 5: Results of winter Hemisphere runs: (top) z̃-based composite U and (bottom) N2.
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Figure 6: Results of winter Hemisphere runs: (1st, 3rd) z̃-based composite N2 at 55◦N and 70-80◦N
mean, and (2nd, 4th) w.
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Figure 5: Results of winter Hemisphere runs: (top) z̃-based composite U and (bottom) N2.
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Figure 6: Results of winter Hemisphere runs: (1st, 3rd) z̃-based composite N2 at 55◦N and 70-80◦N
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1DEFINITIONS 

TIL : Tropopause Inversion Layer.  TIL amplitude : Maximum value of 
N2.  TIL depth : Distance from maximum to local minimum N2. 
ž : tropopause-based height coordinate.  z : standard height coordinate.

III. Summer Hemisphere Results
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Figure 7: Results of
summer Hemisphere
run: (left) z̃-based
composite U and
(right) N2.
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IV. Sensitivity Tests: No Topo. & Lower Vortex
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Figure 8: Sensitivity runs to
(top and bottom left) no to-
pography and (bottom right)
lower polar vortex: z̃-based
composite N2.
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RESULTS

1. Te & N2 profiles (Fig. 4) :  Te does not have a local maximum in N2 
immediately above the tropopause → No TIL in the forcings. 

2. Winter Hemisphere TIL (Fig. 5) :  TIL amplitude does not change as γ 
increases, i.e. as polar vortex strengthens. 

3. Winter Hemisphere N2 and w (Fig. 6) :  w varies systematically by 
changing γ in the mid stratosphere.  But, no change is found near the 
tropopause, resulting in no change in N2 near the tropopause → No 
sensitivity of TIL.

4. Summer Hemisphere TIL (Fig. 7) :  The summer hemisphere TIL ampli-
tude is comparable to the one in the winter hemisphere (compare 
with Fig. 5 right).

5. TIL sensitivity to topography (Fig. 8) :  Substantial sensitivity is found. 
              

CONCLUSIONS

1. Impact of stratospheric circulations to TIL : Relatively weak. 

2. Seasonal variations :  Modeled TIL is quantitatively similar in two sea-
sons.

3. Comparisons to observations (Fig. 2 vs. Figs. 5,7) :  Modeled TIL is 
weaker than one in the observations.  Our integrations fail to re-
cover the seasonal difference of the TIL in the Northern Hemi-
sphere extratropics.

4. Concluding Remarks :  Although dynamical processes are able to pro-
duce the qualitative structure of the TIL,  they can not capture the 
quantitative aspects.  Other physical processes, such as radiation and 
convection (e.g. Randel et al. 2007), seems to be crucial for the for-
mation the extratropical TIL.

5. Future Work :  i) Longer integrations to get smoother profiles,  ii) 
Sensitivity tests to the location of polar vortex & different topogra-
phy.
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