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O Isotropic & Deviatoric Strain
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Low stress rate High stress rate

Stressing rate of the crust around California derived
from two decades of geodetic measurements (USGS).




- -~ Symmetries

=

AXxi-symmetric stress state

When two of the principal stresses are equal, only one of the principal directions will
be unique. A

01, 0y = O3

Isotropic State of Stress (spherical symmetry)

When all three components of the principal stresses are
equal, all directions are principal directions and the stress
tensor has the form of 01

Y

In all coordinate systems
01 = 0, =03 = 0



Two-Dimensional Problem P
\\
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/
Two dimensional approximation

Geological problems involving stress can often be approximated to be approximately two-
dimensional.

VO Oho
%U = \o21 0
And any surface is defined by its unit normal and unit tangent
e (n1) = (Cos 9) - <t1> v (—Sin 9)
T \ny) " \Sineg LN i Cosd
where n; is the projection of n; on x; — axis

Using

e 1
T;" = 0;; n; Cauchy's formula
o=T"n; =0;;n;n; normalstress

—_—

We have
O=011N N+ 01,n Ny, + 01 Ny, N + 05N Ny
0 =0y, Cos 0%+ gy, Cos O SinB + 0,,Sin 0 Cos O + o,, Sin 62




Two-Dimensional Problem
P —

/
Using Cos 8 Sin 0 = % Sin 26 identity and symmetry property (g1, = 051):

o = 0-11C0520 + 2 012 Cos 0O Sin0O + O'ZZSinZQ
o = 0-1160529 2 17 012 Sin 20 + Uzzsinzg

_Using
T{* = 0;; n; Cauchy's formula
T=T{"t; =0 t; n shear stress
We have
T=011MNt+ opngty,+ o1 Nyt + 0Ny Ly
T=—0y,5in0 Cos O — 0,,C0s*0 — 0,,Sin’0 + 0,,5in O Cos 6

Using  Cos?0 =~(1+ Cos26) and Sin?6 = ~(1 — Cos 26) identity

o= %(011 + 05,) +% (011 — 052) Cos 260 + 04, Sin 260

= —%(011 — 0y,) Sin 20 + a;, Cos 26




Two-Dimensional Problem —
\_\ :

If the rotation coincides with the principal coordinates, then

0 = 0y = %(0-11 A 0-22) +%(0-11 T 0_22) Cos 20 + 012 Sin 26
s 00 ¢ N %arctan[ZO'lz/(O'll o 0-22)]

T = 0= %(0-22 vy 0-11) Sin 20 + 012 Cos 260

Similarly writing the equations for plane perpendicular to the first plane:

with normal having angle 6 + -

o = 0,,5in%?0 — oy, Sin 20 + 0,,C05%0
o= 0, = %(011 + 055) —%(011 — 0,,) Cos 260 — g, Sin 260
t=0= %(011 — 0y,) Sin 260 — 0y, Cos 20 > 20 = arctan[20y, /(011 — 03)]




Two-Dimensional Problem

—

With some algebra it can be shown:

T

2012
Sin 260 = Sin(arctan[20y, /(071 — 05,)]) = (011-022)
2
2012
1+((Cf11—<722))
Cos 20 = Cos(arctan[20y, /(011 — 022)]) = .
1+(—2"12 )2
(011-022)

Eliminating 6 from the main equations:

1 ) 1 . 1/2
Gy (011 + 022) + [012 o 1(011 — 032) ]

1 : 1 2 b2
Oy = 5(011 + 022) — [012 + 1(011 — 033) ]



—Mohr’s Circle —
P

=

The state of stress using the Mohr’s Circle (Otto Mohr)

Mohr's circle is a two-dimensional graphical representation of the transformation
law for the Cauchy stress tensor.

In this method the normal and shear stresses acting on a single plane are
represented by a single point on the Mohr circle.

The normal and shear stresses acting on two perpendicular planes are
represented by two points, one at each end of a diameter on the Mohr circle.

We obtained two parametric equations (6 being parameter):
g = %(011 + g5,) +%(011 — 0y,) Cos 20 + g4, Sin 20

T = —%(0-11 e 022) Sin 20 + 012 Cos 26

Eliminating @ from these equations will yield the non-parametric equation of the
Mohr circle:



2
[J o % (011 + 022)] :{i (0-11 . 0'22)2 COSZZ% +[(O-125ln29 )2}-*- % (0'11 = Uzz)C%e 0-125”129

TZ :[i (0'11 o 022)2 SanZH}F [(0'126'0529 )ZJ T ;(0-11 T Uzz)CO% 0-125”7,20 I

2
la —%(011 + 022)] Erls %(011 — 05,)2+ 0%  Mohr’s circle

X?+Y?=R?

1 1
X =0~ 5(011 +05), Y=r, R= \/Z (011 — 022)% + 03

> [0 — 04p0]° + T2 = R? (Equation of circle)



e

Note that

__Mohr’s Circle
\\

Mohr’s circle centered at (g, 7) = (0496, 0)

by = bl2 £ x2 = R~

10



| _—— ~ Mohr’s Cirele

" [o —04pe]? + 72 = R*> Mohr’s circle centered at (6,7) = (04pe,0)

Stress Coordinates
a) Normal stress o: abscissa (horizontal) e (0'11 012)
ij

b) Shear stress 7: ordinate (vertical) 021 022
Note that A :
T o= 5(01 + 03) +E(01 —0,) Cos 20 (using principal values)
A
A
[ |
(0'11 0'12)
‘2'(011 + 032)
R
o)) 01
I "%(0'1 — 03)
| B ) (021

[

0=%(01+02) —%(01—02) Cos 260

11



__Mohr’s Circle

o 50

021 022

/ g1 O =
o Uij:(ll 12):( 36 15)

Steps to draw Mohr’s circle
1

1-04pe = 2 (011 + 032)
1

2-R= \/Z (011 — 022)% + 05

3 - Plot circle centered at (o,,¢, 0)
4 - Find A(oy1, 01,) and B(a,,, —0,;) on the Mohr’s circle

Gave =7 (=36 +50) =7

R= \/i (011 — 022)% + 032 = \/i (=36 — 50)2 + 152
R = 45,5

O (normal)

Sign convention a2 Oavg 0y n

a) Shear stress upward
b) Rotation positive in counterclockwise
c) Reverse shear sign on Mohr’s circle for the horizontal-face

Note that @ is the rotation angle to the principal axes in physical space
corresponding to 260 in Mohr’s circle .

12



Mohr’s Circle in 3D

Mohr Circle Diagram

011 012 013

[aij] =021 022 023

031 032 033

In principal coordinate

g 0 0\ Ci=3(1+02) Ry = 1(o1 — )
[O'U] = O o)) 0 02: %(0'14—0'3) R2:%(O’1_0'3)
0 0 03/ Cy=1l(oato)  F=3l—o)

a =

a)
b)
C)
d)
e)

Arc Cos(n,), B = Arc Cos(n,), y = Arc Cos(ns)

Draw L, parallel to T passing through o,

Measure a from this line and draw AA’

Use center €5 (which doesn’t depend on ¢; and draw arc AA’
Repeat in similar way for the other angles

The normal and shear components for the plane with

normal n are given by the coordinates of the intersection point P

TA

Ls Lo L,

Qy

%(O’l +(73)

-

3(o1 +02)

https://www.rockmechs.com/mohr-circle-3d/

03

,T\
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B b b
L + + +
5 5 & 5 & ©
N =N ] e =] ]
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__Strain Tensor e

The Infinitesimal Strain Tensor

Consider a continuous body occupying domain D and two neighbouring points P(x;) and Q(x; +
dxl-)
After displacement:

P(x;) = P'(x; + ;)
Q(x; +dx;) » Q'(x; + dx; + u; + du;)
u; and u; + du; are displacements.

In general displacement of the particles results from:
1) Translation

2) Rotation

3) Deformation

Assume u; = u;(x,y,z) and du;/dx; are small, then !
%dxj + / . (Taylor series)

du; ~
l ax]'

Xy

15



__Strain Tensor
/ -

Remark: Taylor series

£ ~ F@+LQ(x — ) + LD (x - g) 24 = 3 L@ (o

Example: Expanéion of Sin(x) around x=0
5 x7

Sin(x) = x ——+—|—;

!

@ - f@)~ L9 —a)+ .,
G e o alltéxa /

dui dX] A

ax]'

Resolving the displacement into two parts:
ou; 1(0u; . Ouj 1{0ou; O0Ouj

bt SRR ﬂ+_f 4 ¥ S,

ax]' 2 ax]' 0x; 2 ax]' 0x;i

where

0 ou; e : :
S < =i | —’) infinitesimal strain tensor
oxj  0x;

a)k

sin(x)

f(x)

-2n

2n

16



W
1

/ @ %—% infinitesimal rigid body rotation
T ox; ¥ infinitesimal rigid body rotatio

X
‘s

Note that
&j = & symmetric tensor
w;j = —wj; anti — symmetric tensor

Therefore
u; +du; = uy; +%dxj =

x.
J
u; + Sijdxj + a)ijde

u;: rigid body translation
g;j- measure of deformation
w;j: measure of rotation

v

OtXxy) X,

1874



—Strain Tensor ==
/

We now show why w;; represents a rotation. Consider a small rotation about x; —
axis, we can write

(X
auzdx T ‘Jp
duz 6_x1 1 auz APA’ = ” —
- ] e e rian l v e—
a =tana = T e ( triangle) 2 B |
l .
\ A
On the other hand — ol)(?f
auld
o s du1 i % X2 i 6u1 3 I
a=tang=——= — S 5
dxz de 6x2 —I—"
Combining two results
A 1 auz aul A
L 2 (axl axz) = wlz ‘\5\
N
\ A

18



__Strain Tensor

> S
duy duy ou, oy - (% it %) . (% ok %)\
dx1 dx, 0x3 0x4 2\0x, 0xq 2\0x3 0xq
Ouz Ouz ouz | _ 1 (% iE %) Ouz 1 (% e %) +
0x4 0x, 0x3 2\0xq 0x, 0x, 2\0x3 0x,
dus Ous Ous 1(0u; , ou, 1(0u; . ou, ous
e = o el Lty

0 1({0u; OJu, 1(0u;y Ousg
/ E(a_xz_a_xl) E(a_xg_a_m)\
1{0u, Ouq 0 1(0u; Jugz
2 (a_x1 2 a_xz) 2 (a_xs % a_xz)

\1 dus _ ouy 1(ous _ 9w, 0 /
2 6x1 6x3 2 axz 6x3



/

__Strain Tensor —

Strain tensor
Symmetric strain tensor with 6 independent components required to specify it at a point.

Ol ou s il oy
ax1 2 6x2 6x1 2 6x3 6x1
€11 €12 &13
. Dol ous U Ok vlifoug oy
gij o 821 822 823 o 2 <6x1 + axz) axz 2 <6x3 + axz)
€31 €32 €33
Lous oy Lpdus pduy it
2 6x1 6x3 2 axz 6x3 6x3
On-diagonal terms
: ’ d 2 2 ¢
Consider an on-diagonal term, say ¢,, = a_zz' With reference to the figure suppose the volume is
2

stretched (or compressed) in the direction of x,, therefore:

dx, =2 dx,+du,
Initial final

In this case u, = u,(x, only),
R 2Oy
then du; = o dxj =2du,= = dx,

20



/ auz

- dXz + dUz - (1 + g) dXz == (1 + Ezz)dxz
2

Which shows that ¢,, represents “the change in the length per unit length” (or
elongation in x, — dir.).

Similarly:
g11: elongation in x; — dir.
£33: elongation in x; — dir.

2 4 "J X)
g;; > 0: expansion T -
g;; < 0: compression
A 4
(s A ) »X o X
/ ! leﬂ dxs 2
dxy+duz .
X (a)

21



__Strain Tensor ==
Off-diagonal terms

Off-diagonal terms represent deformation.
Suppose shear stress acting on the faces Normal to x, and x; axes. Dissolve the
problem in two steps as shown in the figure

# ~tang’ = 22
~tangp = —
0x2
¢II t ¢II auz
~ tdn e
axg
/ 17 6u3 auz : -
¢'+ ¢ =—4—= 2¢,3 change in the angle of lines
axz 6x3

» %2
Ouxy P Oixy) 5



__Strain Tensor =
/ ——

Cubical dilatation
Consider an element volume V = dx;dx,dx;, after deformation - V+dV. The
change in the volume is:

du, du, du;
dV = | dxq a_xl + dxq || dx, a_xz + dx, || dxs 0_x3 + dx3 | — dxydx,dxs

Neglecting the higher order terms:

aul auz aU,3

dV = [dxldedX3 o ( >dX1dX2dX3] o dxldede

axl axZ ax?,
avi= (811 o €292 o 833)dxldx2dX3
av ouy

0 =—==¢&11 &, +E33=¢E =

—=  cubical dilatation
V oxp

23



__Strain Tensor e

Isotropic and deviatoric Strain
As in the case of stress, the strain tensor can be resolved into isotropic and deviatotic parts, i.e.,

The isotropic strain

1 1
gzpj = ggkkdij = £ 0;j where &gp = &11 + &2 + €33 €0= 3 Ekk (Mean normal stress)
€o 0 0
el-oj =10 go 0= g5 0i5 pure volume change
0 0 €o

The deviatoric strain

ey 0 Sy 0
gij = Sij e Sij -> gij = gij + gij

T

€11 — € €12 €13
ij

€21 €22 —&o 523> (¢xx = 0) change of shape
€31 €32 €33 — &p

/

€ij = &ij fori #j the shear components of the strain deviator (angular deformation)

24



__Strain Tensor —
\'\
g 0 0 €11~ € €12 €13
gj=10 g 0 4 (521 €22 —&o 523)
€31 €32 €33 — &
Note that

a) Ifg,ij:O Vi,j

€11 — & €12 €13

Slij - €21 €22 —&p €23 - €11 = €m €29 = &y, E33= &p
€31 €32 €33 — &o

and off-diagonal elements = 0 purely volumetric deformation

D) If &, = 0 no volumetric deformation

2 0 0 A
EX. &; = (?) _03 2) Cube — cuboid

&xx = 0 no volumetric deformation
25



__Strain Tensor
e g

) &xx = 0 no volumetric deformation

Qg

Dilatation

Contraction

26



_ Strain Tensor e
N o e ML

/ e

C) But if &;=0 fori#j this is not sufficient condition for having purely volumetric
deformation

2 0 0
B (0 3 0) if rotated, we can find non-zero off-diagonal elements

Pyt
a 0 0
This means that the strain tensor (in a given co-ordinate) { 0 b 0 | may result shape
0 0 c

deformation provided that the all three elongations are not equal.

Different representations of the stress tensor

11 012 013 Ozz Ogzy Oz Or Tey Taz
O = |01 022 03| = |Oyz Oyy Oyz| = | Tyze Oy Tyz
031 032 033 Oz Ozy Oz Tzx Ty O

Similar representations may be used for the strain tensor.

27



| —Young Modulus -
/ =

Young's modulus
The Young modulus E (the modulus of elasticity) is a mechanical property that measures the
tensile or compressive stiffness of a solid material when the force is applied lengthwise.

Stress o
.
Strain £
5 Strain hardening Necking
Stress, o 3 £
A ‘
Necki ng Ultimate strength
\:\ \I;racture
“Yield strength
h é Rise
—
Run
Young's modulus = Slope = if:

» Strain, €
https://commons.wikimedia.org/w/index.php?curid=89891144

28



Vector and Tensor Rotation —
. / R

Active transformation versus passive transformation

a) Active transformation
Point moves from position P to P' by rotating clockwise by an angle 6 about the origin.

b) Passive transformation

Point does not move, instead, the coordinate system rotates counterclockwise by an angle 6
about its origin.

The coordinates of P' in the active case (that is, relative to the original coordinate system) are
the same as the coordinates of P relative to the rotated coordinate system

y )
4 - y
K
/ \\
/
M ’j. P’
// ’/’,
/’z
e —_ —> X

Active Passive

29



=
Rotation matrix in 3D

RP=<

cos(x'x)
Cos(y',x)
Cos(z',x)

Vector and Tensor Rotation

Cos(y'y) Cos(y'z)

cos(x'y) Cos(x'z)
Cos(z'y) Cos(z',2)

Transpose of a matrix (A7)

T
Aij_

30



Vector and Tensor Rotation |

P —

Rotation matrix
A rotation matrix is a transformation matrix used to perform a rotation in Euclidean space.

Two dimensional rotation

R,p(0) = (COS & —sm@) (Active rotation) {RZD 6) = (COS EE ) (Passive rotation)}

—sin 6 cos@

sin 6 cos6
el —~ __ [ cos8 —sinf 1\ _ (cos6
€1 =1gp €1 = (sinG COSQ) (O) o (sin@)
R R —~ __ [ cos@ —sin@ 0\ _ (-—sinf
e e (sinG cose) (1) % (cos@)

__ [ cos8 -sin@ VYoo
Vi=RypV = (sinH cose) (vy) o

(cos 0 —sind ) Uy €0SO—V,, Sinf
sin 6 cos8 ) \ vy sin 6+ vy, cos 6

__ [ cos@ sin@
Rop(=0) = (—sin 0 cosB)




Vector and Tensor Rotation |

P —

Three dimensional rotation

1 0
{ v ey =10 cos6@ —SmH Active r ion
3p—(0) (0 coob e | (Active rotation)
cosé? SmH
R 0) =
3D— y( ) sm@ 0 cos

9
cosf —sin6
Rip_ Z(Q) — SlnG cosH

https://commons.wikimedia.org/w/index.php?curid=3362239

0 0 1

cosf 0 sinf 1 0 0
0 1 0 0 cosy —siny
—-sinf O cosf3 0 siny cosy

e v R3D( )
vlz Uy

cosa —sina 0
R3D e Rx(a)Ry(,B)RZ(y) — | sina coSc 0

32



, Vector and Tensor Rotation

- Rotation of stress tensor X
% A T
n, = Cos 6
n, =Sin 6
—~ _ [Cos@
> £ o (Sine)
i (—Sine)
B — \ Cos 6
t, =Cos 6
We obtained:

T %(011 + 055) +%(011 — 0y,) Cos 20 + ay, Sin 26
o = 0',22 = %(0-11 + 0'22) —%(0'11 T 0'22) Cos 20 — 012 Sin 260

T = 0-,12 = —;(0'11 - 0-22) Sin 20 + 012 Cos 20

33



Vector and Tensor Rotation

" Using X5
Cos?0 E%(1+COS 260) A T
Sin%6 = %(1 — Cos 20)
Cos O Sinf = %Sin 20

These equations can be cast into:

0’11 = 0,,C0s%0 + 0,,5in?0 + 20,,5in 0 Cos 6
05, = 01.5in%0 + 6,,C0s*0 — 20,,Sin O Cos 6
0’15 = (0,5—011) Sin 6 Cos 6 + 0,,(Cos?0 — Sin?0)

In matrix notation
(0/11 0/12) A (cos 0 sin@) (011 012) (cos@ —sin@)
o' oly,)  \—sin@ cosf ) \o,1 022/ \sin 0 cosé
Or
!/
' = RoR!
Where

__ fcos(x'x)  cos(x',y) P
v (Cos(y’,x) Cos(y’y)) and R ij = Rji

34
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=

R — (cos(x’,x)

Cos(y'x)
! !
011 012
! !
021 0 22
! 4
0 31 0 32

o' = RoRT

o
9 O'ij—

Vector and Tensor Rotation

Cos(x',y) T e
Cos(y,y)) andR";; = R

4
013 Ry Ri, Ri3 011 012 013
o535 | = | Ra1 R,, Ry3 || 021 022 0323
0"33 R31 R32 R33 0-31 0-32 0-33
Aim ajno-mn

|

R11
R12
R13

/
R21 R31
RZZ R32
R23 R33

30
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EX. — Find the stress tensor in principal axes by rotation for the following stress tensor.

Sol.

Solving an eigenvalue problem we obtained:
gaaf - [0.88
0.47 1 10.47

Rename n = [ corresponding to the eigenvalue o; = 96.05

47 Wit corresponding to the eigenvalue o, = 23.95

_[-o0. e
ang n_[0.88] = ”2_[088
and

) _ {9605 0
S (0 23.95)

0 = %arctan[Zalz/(Un — 032)]

36
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Examples
\\

We had obtained the angle of rotation to the principal coordinate:

1

0 = Earctan
1

0 = Earctan

1
i Earctan

201, /(011 — 022)]

2 X 30/(80 — 40)]

0.472
0.882

0.472
0.882

0.00
23.96

201, /(011 — 032)] = 28.15°

sin@ 011
cosB ) \ 0,4

80 30 0.882%x80+0.472%30
30 40 0.882%30+0.472%40

84.72 -11.3\ __
45.34 .63 805 000 SO

012\ [ cos 6
022 sin 0

0.472\( 80 30 )\(0.882
0.882/\30 40/\0.472

—sin@)
cos6@

—0.472)

0.882

(—0.472)*80+O.882*30)
(—0.472)%3040.882%40

37



Mlﬂ\es S e

P —
Ex. — The stress tensor in a coordinate frame is given by:

100 20 0
o] = (20 0 20) (Mpa)

0 20 100
Fid the stress tensor in a rotated coordinate system described by the following

rotation matrix:

[aij] o

§||"‘§||H§||"‘
R gl L@l
A o Gl

Using
o = RoR" (0';i = a;,0i,0mn )
R ij — Yim%UnPmn

~

RL.— R

ij ji

38
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