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tress, Deformation, and Strain

L Stress & Strain Tensors

O Isobaric & Deviatoric Stress

O Principal Axes & Principal Stress
O Isotropic & Deviatoric Strain

L Mohr’s Circle

Low stress rate High stress rate

Stressing rate of the crust around California derived
from two decades of geodetic measurements (USGS).
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Scalar (tensor of rank 0):
Scalar gquantity is a tensor of rank zero, specified by a single component; like
temperature (T), mass (m), density(p), etc.

Vector (tensor of rank 1):
Vector quantity is a tensor of rank 1, specified by three components; like velocity
V(vy, vy, v3), gravitational acceleration g(g4, g2, 93), €lectric field E(eq, e,, e3), etc.




—Tensors® s
/

Tensor of rank 2;

Tensor of rank 2 is an algebraic object specified by nine components; like: stress
tensor,

011 012 013

021 022 033

031 032 033

Traction vector

OF

Tl limg 6S — 0 force per unit area acting on surface with orientation n

AS

AV
6S

Convention: X
Positive outward (tension)
Negative inward (compression)



Why do we need a tensor of rank 2 for stress field?

Deformation of a volume element cannot be specified by a vector. Deformation of
each volume face can in general be different (from the others).

/
= — =
A Y
£ 7 £ 7 %

We need a vector for each face. / %/
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Stress Tensor

Stress tensor is a tensor of rank 2. Consider a cubic material
element. The tractions on the three faces can be resolved into
their Cartesian components, one normal and two tangential to
the face on which the traction acts.

Consider the face with normal vector eq

xr
T¢! can be decomposed into @ (in e; dir)and T (having two /\
€T9

components in e, and eg dir.). We rename these vector
components as oy;, 042, 011, respectively, the first index
representing the identity of surface and the second index
representing the vector components.

For tree surfaces we have three vectors as:

el _

T : = 011€1 o 0126€» e 0-1333
e

T > 07161 + 077€- + 0-2333
[ S0 Yoioeey

T = 03131 + 0-3262 + 0-3363




Stress Tensor —

Einstein summation convention (summation notation)
Repeated indices are summed over.

In summation notation:
el _ S e
= O'l-jej (meanlng. o= Zj oije;) b
T is the traction force acting on a surface with normal vector along e;.

We can write these three vectors in a compact form, that is a tensor of rank 2:

011 012 013
= | 021 022 033

O-ij =
031 032 033
X1 =X
X =Y
x3 =i



Equations of Equilibrium e

/

The equations of equilibrium

>.F =0 (force balance)
F1 =0 (Fy)
F, =0 (Fy)
F3 =0 (Fy)
m]‘/

Consider the components of the surface force acting in the x4 — dir.\;g
0y,dx,dx; and (011 + aa(;“ dxl) dx,dx;

1
0-21dx1dx3 and (0-21 + aaO;1 de> dxldx?,

2

U31dx1dx2 and (0-31 + 660-31 dX3) dxlde

X3

0011 0031 do31

Note that S and =

031, respectively in x;, x,, and x5 directions.

are the rate of changes in 0,4, 051, and



Equations of Equilibrium
/

And the body force components (like the gravity force acting the volume):
b1= le dxldedX3
b,= pX, dx,dx,dx; X;: the body force per unit mass ini — dir.

b3= pX3 dxldxzdx3

The condition of equilibrium of forces in x; — dir.

(0020 00t sy m

0

d
(021 = %d.x,'z) dxldX3 T 0-21dx1dx3 F
2

/ V4
(031 + 662331 dX3> dxldxz = 0'31dx1dx2 + \/ \/

le dxldedX3 o 0

) 60'11 + 60'21 + 60'31 + le 2% O

6x1 axz 6x3



Equations of Equilibrium
/ —_—

Similarly if we repeat this in x, — dir and x; — dir

001> 002> 0037

0x4 x> 0x3 +pX; =0,
60'13 60'23 60'33 R
Bxl + axZ + aX3 + pX3 w 0

Or in compact form:

aO'ji A
P pX; = (

50'1L 60'21 60'31

_|_

axl axz 6x3

£aX: — 0 fori = 1239

10



Equations of Equilibrium

P —

Equilibrium of moment of forces (Torque)

YN=rxF=0 Torque (torque balance)

N,=0 (N,)
N,=0 (N,)
N3 =0 (N,)
F
5 0

= -
oot T

N=rXF =rFSin0

11
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Equations of Equilibrium

Equilibrium of moments about an axis parralel to xy: N;=0

S (0' 23 + —dx2> dx1dx; =2 dxz
F/IA A

r

dx
[ rxF = (0’23dxldX3)72

022 €

dx, 00,3 dx, dx; do; dx;
(023dx1dx3) reeemah 023 y ey de dxldX3 e, (ngdxldxz) TR 0-32 dx3 dxldxlz S O
2 0x, 7 2 03 2

N=rXF=rFSin6

dx;
x; 7 ey
2
021

N #0 but not about x4

e

N #0 about x4

12



y

Dividing by dx;dx,dx;
-

023 = 033

Equations of Equilibrium

Similarly if we repeat this in x, — dir and x; — dir we obtain:

013 = 031, 012 = 021
Or O-ij = O-ji

Using this symmetry

aaﬁ

+,0Xi=0 >

ax]'

011 012 013
0jj =| 021 022 023 | 2 0;; =

031 032 033

6aij
+ ,DXl =0
ax]'
011 4 b
P G L A six independent parameters
b C 033

13



Cauchy’s Formula

Stress on a surface — Cauchy's formula
Using Cauchy’s formula we can find traction on any surface with
Normal vector n (nq, n, ns)

Consider a small tetrahedron
dm = pdV
0A; = 6An, n,; = ncos(a) component of n on x; —T(e3)
5142 —_ 5A le nz =n COS(ﬁ) Component Of non XZ https://commons.wikimedia.org/w/index.php?curid=7208740
0A3; = 6An, ns = n cos(y) component of n on x5
1 (oFy) 012 032
oV = §h O0A € > .
y
Along x, — dir n,
F,=0
TZTLSA_O-]_Z n15A—022 n25A—U32 7135A+§ph5/1 XZ = O >
5A, 5A, 5A, 2

For infinitesimally small volume h — 0 (h §A small relative to 6A)

y 4 Sy e
Ty =012y + 03313 + 03313 =0 N L



//

Similarly

T* = 011 Ny + 031 Ny + 031 N3
T3 = 013 Ny + 033 Ny + 033 N3

In compact form
n __ '
T;" = 0;; n; Cauchy's formula

Or

Tn

1 011 012 013 ny
T} | =021 022 023 || N2
T3 031 032 033/ \N3

Resolving the traction into two components

oc=T"-n=|T"| Cos
T=T"-t=|T" Sinp
In| =1
lt] =1

Cauchy's Formula e

\

Making use of Cauchy’s formula

normal stress
shear stress

—Tn i

g =T;n =o;jnn;
—Tn el

T—Ti ti_o-ijtinj

i \/(T")z — g2

(Tn)z e S e TinTl‘n =
(01j1;) (ocni) = 003y,

Note that
V-n= |V|In|cos (a) = Viny +Von, + V3ns

A

- |4

15



Isotropic and Deviatoric Stress =
/ \\

=

Isotropic and deviatoric stress

In a continuous medium (like rocks, tectonic plates) complete specification of the state of
system requires knowledge of the stress tensor o;; at each point as functions of the co-

ordinates. Itis useful to break the stress into two parts, the isotropic and deviatoric parts:
SRR

o L P P !
031 032 033

The isotropic stress

O = 2038 = 006y wh = 011 + 0y + = - |
Oy 5 OkkOij = OgOjj where Oy = 011 T 02 + 033 Op= 3Ukk (mean normal stress)
lof 0 0
o 00 = {&j:l ifi=j
Do 0;;=0 ifi#]j
0 0 o, % =t

kronecker delta

The deviatoric stress

Lo o 0
O-ij —O-ij O-ij

011 —0p O12 013
! — — —
e 0322 —0p 023 (oxr = 0)
031 032 033 — Oy

16



Isotropic and Deviatoric Stress
/' —

e

/
9 O'i]' — 09 Sij_l_ O-ij

oo O 0 G109 Oy 013
oij=|0 oo O | + (021 022 —0p 023

1874



Principal Axes and Principal Stress

/

Principal axes and principal stresses
In this coordinate system the only nonzero stress components are diagonal elements

O-lpl 0 0 01 0 0
0 0 Ois 0 0 03

The usefulness of the reasoning in terms of principal axes and principal stresses lies in the fact
that they give a clear picture of the state of stress at a point. We need to determine 6-
componets; three principal axes and three stress components.

This is an eigenvalue problem.

18



~__Principal Axes and Principal Stress
/

Consider an arbitrary-oriented surface with unit normal n. In general the direction
of the traction and that of the normal don not coincide unless the later is the principal
axes.

In order to find principal axed (eigenvectors)

and the magnitude of normal stresses (eigenvalues)
With vanishing shear terms, we have to solve

solve an eigenvalue problem.

A -1 '
COS " aazy

cos ta 13

19



 — PrincipalAWncipal Stress /

We had
|O'| = Tl-nnl- = 0j;n; n; normal stress
leb=T" — oty shear stress

In principal coordinate system:

_n1\ ny
0'1 0 0
lo| =<0 o, ol |M2|¢|2] =
0 0 o n n
: 3 31) 113
n,
[o.ny  oon, 03n3]|N2| = 04 n?% + 0, N5 + 0, n2
111 212 313 2 1 2 2 3 't3
N3

20



Principal Axes and Principal Stress

In principal coordinate system:

c=0,n°+0,n5+03n5+0
T = O'1n1t1 +O-2 nztz +0-3n3t3 + 0

where o,,0,,05 are principal stresses and n; t; are unit normal and unit
tangent to the surface element.

21



Principal Axes and Principal Stress

/

———

The condition for n to be a principal direction is on the basis of Cauchy’s formula:

T'=o0;nj=0n; (o11n+ O%le +7{3 ng =01 Ny=0onqy, fori=1)
Using n; =6;n; (e.9.,ny =61ny + 9{2712 +%3n3 =

Ul-jn]- = 05ijnj . > (O'U o 0-51']) le =0
o;;. stress tensor in the initial frame

o. any component of the stress in principal axes 0= oo sn= 150 N/mm?
o e T o
(011 — 0) Ny + 012n; + 01303 =0 m m
02111 + (022 — 0) Ny + 033m3 = 0 | ] »
g31N1 + 03N, + (033 —a) n3 =0 N | | . !
I

(011 —0) 012 013 ny 0 . | - »

051 (0y, — 0) g3 |[|M2|=0=1]0

031 032 (033 —0)) \3 0 . '

-4 -2 0 2 4

0- n i O- n https://commons.wikimedia.org/w/index.php?curid=108380378

22



Principal Axes and Principal Stress
/ T

Matrix-Vector multiplication

V=4V =2 Uu; = (AV)l — 1Al] j = == Al]v] Ailvl + Aizvz +Ai3 U3

Uy = A11v1 + A0, +A13 03
Uy = Apq01 + Ayvp +A53 13
Uz = A3101 + A3v5 +A33 13

(251 Aj1 Aqp Ags (%1
Uy | = Ay Ayp Az || V2

3 Azq Azp Azz ) \V3

23



Principal Axes and Principal Stress —
\\,

— —

/

Matrix multiplication

CimiAB iy Cik = (AB)lk = 2?21 Al]B]k = Al]B]k = AilBlk A AiZBZR +Ai3 B3k

Cll ClZ 613 All A12 A13 Bll B12 B13
CZl CZZ CZ3 s A21 A22 A23 BZl B22 B23
C31 632 CB3 A31 A32 A33 B31 B32 B33

24



Principal Axes and Principal Stress

Determinant

2-Dimension

gl -
: d—ad bc

3-Dimension

e f
Ao

s ) &8

- _b‘d f d e

g i g h
(aei — afh) — (bdi — bfg) + (cdh — ceg)

e -
i R e die
J g h i g h |i

e
d e f
g h i

Ce

~
=
o~

25
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Principal Axes and Principal Stress

—

Ex - A simple eigenvalue problem

AV = AV

A:<—63

4 5

)

U

(

6
24

AV

) =s

1
4

= AV

(° 5)() =)

V= (}L) eigenvector
:<(—6)*1+3*4>:<6>
4x14+5%4 24

) —-> A =6 eigenvalue of eigenvector V = (i)

/

/

26



Principal Axes and Principal Stress e
» s

i

Formal solution for v =?and 2 =?
1 0
AV =V > AV = AV e =
0 1
2> AV - AV =(A-A)V =0
It can be proved that nontrivial solution (V # 0) exits only if the determinant of the

coefficients vanishes.
Therefore for non-zero V (V # 0), A can be obtained using the following determinant:

|A—AI| =0

EXx —

Find eigenvalues and eigenvectors of A = <_6 -

4 5

—6 3 1 0\ _ —6—21 g
‘(4 5) A(o 1)‘_0 9‘4 5—/1“0

(—6—-AMD)GB—-21)—-3+x4=0 > Ay ey eigenvalues

) (NOte the 012 * 0'21)

27



Eigenvectors ?

)=2()

(

—673

4

5

Forda=6
—6 3

(
(

4

5

e 5 15000

4

5

)(

)6

)(

X

X
.

e
)

1
6
(4

For A= -7
—6 3

(

(4

—6 3)
5

4

5

)(
(

X
34

-

)

b
V

Prineipal AXES andFfimeipal.Stresss s

|

_13) - <_13)

{—6x+ 3y = 6x
4x + 5y = 6y

=hxddy iy

4x + 5y = =7y

g X=1, y:4 9V=<jl:>

D e 2 e 9V:<

/

1

5

28



Principal Axes and Principal Stress
/' —

—

3D — Case

Ex —

2 ey
Find eigenvalues and eigenvectors of A = ( 0 45 )

0 4 3
A-ADV =0 |A-Al=0

2 00 120 0 2—A 0 0
O45>—/1 Qg =0y 0 4 — 2 5{=0
0 4 3 0 0 1 0 4 J—A

2-MDH@-DVB-1)-5+4][=0 > A=2,A=-1, 1=28

HIoE

eigenvalues

29



Principal Axes and Principal Stress e

e

ForA=-1

2 0 0 X X 2x X DX

04 =3 z z 4y + 3z z 4y + 3z = —z
0

x=0; VA= i e R |
—1

2 00 0 0

0 4 3 =1 -1

Exercise — Find eigenvectorsforA =2, A = 8.

30



__Principal Axes and Principal Stress ——
Normalization

In eigenvalue problems not all equations solved for eigenvectors are independent. We
use normalization condition to constraint the solutions.

U1
ForV = <v2> we impose 112+ v,2+v32 =1 ingeneral
U3

We impose |V'| = 1

X
Normalized: Vs . <y> V'l =1

\/v12+v22+1732 7

31



Principal Axes and Principal Stress

—
Stress principal axes
011 — 0 012 013\ /M1
021 O2—0 O3 || M2 | =0, nf +n3 +nj=1
031 032 Cagaataaly
O-ij i} 6U| =0
011 — 0O 012 013
021 02— 0  Oy3|=—-034+10%+Lo+1,=0
¢ g3a= 0
011 O12 011 013 022 033
where I = 0,1 + 05, + 0 —I,=
1 11 22 33 27 091 099 031 033 032 033
011 012 013
I3 = | 021 022 023
031 032 033

32



— Principal Axes and Principal Stress //
It can be proved that a real-valued symmetric matrix always has always three real-
valued eigenvalues.

- 01,0,,03 principal stresses
By convention: o; > 0, > 03

Principal directions are obtained by solving (6ij—06;)n =0  for
nq, Ny, n3 successively forthecase o= 04, 0 = 0y, 0 = 03

011 — Oj 012 013 ny
021 022 — O; 023 n, | =0 =123

031 032 033 — 0;/ \N3

Quantities I;, I,, and I; are the invariants of the stress tensor (first, second and
third invariant).

33



Principal Axes and Principal Stress
— e

Stress Tensor in Principal axes

oo 0 O
[al- j] ] e e
0 0 o3

Invariants in principal coordinate:

11 = 04 + o)) + O3
I, = 010, + 0,03 + 0307
I, = 010,03

34



Maximum Shear Stress e

/

Maximum Shear Stress
12 — T2 _ 52

: 2
Using Cauchy’s formula T* = o;;n; > (T')" = oZn? + o7n3 + ain3

2
12 = T?2 - g% = g2n? + ofnf + oinf — (oynf +oy,né +o3nf ) =

(01 — 02)% (ny)* + (02 — 03)? (nyn3)* + (01 — 03)% (Nyn3)?
Note that n?(1—n?) = n?(nf+n3) andsoon (n? +n}+n3=1)
The planes on which the shear stress is maximum are obtained from the condition

adt 0t

=0

6n1 % 6n2

Since n? +n5 +n%= 1, there is no need for the third derivative

30



Maximum Shear Stress
— ot

/

e

Applying this to 72-equation, after some algebra, the extreme values of T are

B 1
T=E(O'1—O'2) forn1=n2=\/;, ny=20
1 1
_<T=E(O'1—O'3) forn1=n3=\/;, n,=0

1
T=5(02—03) forn,=n; = |-, ny=0

—_—

. 1
Since g; > 0, > 03 e 5(01 — 03)

36



Examples /

EX. — The principal values (eigenvalues) for the following stress tensor
5 0 0

loijl={0 -6 —12
0 —12 1

are g; = 10, g5i—5 o3 = —15 (0y > 0, > 03)

So the maximum shear stress is given by:

A
Tmax =5 (0 — 03) =2 (10 + 15) = 12.5 Xq
f0rn1 = Nj =\/%, Ny = 0
Tmax

-

37



Minimum Shear Stress ==

From
2
2= T2 —-02= o?n?+dfnf+0ini—(oynf+o,n5+o03n5 ) =
(01 — 02)% (qny)? + (02 — 03)* (Nyn3)? + (0 — 03)° (nyn3)?

we see that T has a minimum (z = 0) for the following choices of n:

Nq== +1, B ] £ % Yo 0

n, = +1, ng= nz= 0

n3 = il, = 1y= 0

Which shows no shear stress act on three planes with normal in the co-ordinate

directions (principal planes) as one would expect from the choice of the principal
axes as co-ordinate system.

38



Examples //

EX. — Find the principal axes and eigenvalues for the following stress tensor:

__ (80 30 40 MPa
03] = (30 40) y
Sol. 30 MPa
80 MPa
(O'ij—O'(Sij)nj=O e oX
o 80—0c 30| __
oy —a 8y =0 ‘30 40-0‘ =4

(80—-0)(40 —0) — 302 =0
g% —1200 + 2300 =0 o, = 96.05, o0, =23.95 eigenvalues

For o, =96.05 MPa:

Gi1—0 © e 80—96.05 30 {0
. = @
(80 — 96.05) ny+ 30 n, = 0

{ 2 0.88

g LY
ot s T oy

39



_Examples /

Alternatively, if we assume n,=1

30
30 1 — 0.88
(80—-96.05) n;+30=0 > n=— > n= [16.95] = [
- — @ =
Similarly for g, = 23.95: n = 0.88 ]
_[0.88 _]0.88 : : %
Rename n = [0_47 asiiimy= [0_47 corresponding to the eigenvalue g; = 96.05

47 0.47

. = - - =
and n = [ 0.88 ] i [ 0.88 corresponding to the eigenvalue o, = 23.95

40 MPa

40
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Examples
- / —

Ex. — The state of stress at a point is given by:

e
[O-ij] = (1 2 — 2)
A

Find:

a) the traction vector acting on a plane with unit normal of:

n—le+ze 2e
.

b) the shear and normal components of this traction vector.

Sol.

a) T{" = 0;; n; Cauchy's formula

I 011 012 013\ /M 2oty 1/3 1
Tt =g 0o oo o =t 29 2/3 | ==
T3 031 032 033/ \N3 =2 =23

2
" M
T ——581+362— €3

(

=2
9
=3

|

41



Examples

— L AQLT]

o=ron=(-)(E)+@E)+ (- <21

3

3

=T = ()7 = ﬂ(—z)2+ <3>2+<—1>2]— [(247] ~2.

EX. — The state of stress at a point is given by:

5 0 0
[al-,-]=<o —6 —12)
0 —12 1

Determine principal stress components and principal directions.

Sol.

|01j — 0 8| =0

1

42



__Examples
//
5—-0 0 0
0 6—-0 -12/=(=104+0)(5—0)(154+0)= 0
0 -12 1-o0
oy = 10, 0, = 5, o3 = —15

For o, =10 MPa:

G 0 0 1 0
[0 - 6—0 —12] nal =10
G 1-0] | n, 0

—5n; +0n, + 0nz =0
0n1 = 16n2 - 12n3 =0

Ony +12n, +9n3 =0

n? +ns +ni=1 A

(0 =0y)

43



Examples
\
Similarly for o, =5 MPa.

5 0 0 - !

[o_(I 6—0 —12] nz1 =10 (0 =0y,)

0 ot 47 1-0 ns 0

Ony +0n, +0On3 =0

On; —11n, —12n3 =0 n=1 n,=90,
On, —12n, —4n3 =0 n= e

ni +ns +ns=1

And for o3 = —15 MPa:

B 0 0 1 !
[0 e —12] nal =10 (0 = 03)
g 1-0] | n, 0

20ny +0n, + Ong =0
4

Ony +9n, —12n3 =0 n, =0, ny=<,
4 3

Ony, —12n, + 1613 =0 n=-e,+-e3

5 5
n? +ns +ni=1

e
713—5



Directions of the principal axes with respect to the original frame

3 4 3 4
n=—g €1+E e3 rename as n1=—g €2+E €3
n=e renameas n, = e

4 3 4 3
n=§ez+ge3 rename as Hgimn €z+g e3

Note that the components of each principal direction, are the direction cosines.

A

e.g., X3
3 4

ny = —E €7 +E €3

Cosa =0

CosfB = —=

Cosy =

Ul |

45
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Examples —

EX. — The stress tensor at a point in two different co-ordinate systems are given by:

Ssad

210 . =

[O-ij] =1 Jr) [O-’ij] = \/_E 3 _\/_E
B e 1 173

P b

The first invariant:;
L=2+3+1=>43+>=6

Verify that the second and third invariants are:

12 = 6, and 13 = —3
for the matrix in the original coordinate and rotated frame..
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