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Abstract

Limb sounders measure atmospheric radiation that is dependent on atmospheric temperature and constituents
that have a radial and angular distribution in Earth-centered coordinates. In order to evaluate the sensitivity
of a limb retrieval to radial and angular distributions of trace gas concentrations, we perform and characterize
one-dimensional (vertical) and two-dimensional (radial and angular) atmospheric pro+le retrievals. Our sim-
ulated atmosphere for these retrievals is a distribution of carbon monoxide (CO), which represents a plume
o< the coast of south-east Asia. Both the one-dimensional (1D) and two-dimensional (2D) limb retrievals are
characterized by evaluating their averaging kernels and error covariances on a radial and angular grid that
spans the plume. We apply this 2D characterization of a limb retrieval to a comparison of the 2D retrieval with
the 1D (vertical) retrieval. By characterizing a limb retrieval in two dimensions the location of the air mass
where the retrievals are most sensitive can be determined. For this test case the retrievals are most sensitive
to the CO concentrations about 2◦ latitude in front of the tangent point locations. We +nd the information
content for the 2D retrieval is an order of magnitude larger and the degrees of freedom is about a factor of
two larger than that of the 1D retrieval primarily because the 2D retrieval can estimate angular distributions
of CO concentrations. This 2D characterization allows the radial and angular resolution as well as the degrees
of freedom and information content to be computed for these limb retrievals. We also use the 2D averaging
kernel to develop a strategy for validation of a limb retrieval with an in situ measurement.
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1. Introduction

A new generation of satellite instruments are in orbit or in preparation for launch that will observe
the troposphere and stratosphere in order to infer atmospheric pro+les of temperature and composi-
tion. These observations will provide global coverage of the troposphere and stratosphere, providing
a data rich environment that will revolutionize understanding of the chemistry and dynamics of the
troposphere and interactions between the troposphere and stratosphere. Many of these instruments,
such as the Michelson Interferometer for Passive Atmospheric Sounding (MIPAS) aboard the Euro-
pean ENVISAT satellite, as well as the Tropospheric Emission Spectrometer (TES), the Microwave
Limb Sounder (MLS) and the High Resolution Dynamics Limb Sounder (HIRDLS) on the Aura
platform, observe the limb of the atmosphere in order to retrieve atmospheric pro+les of temperature
and composition.

Limb sounding of the atmosphere has distinct advantages and disadvantages over nadir (downward-
looking) sounding. For example, the vertical resolution of a limb sounder can be better than that of an
equivalent nadir sounder if the length scale of the sounder’s +eld-of-view is smaller than the vertical
resolution of the nadir sounder [1,2]. There is also increased sensitivity to trace gases with low
atmospheric concentrations because the radiance propagates through long atmospheric path lengths
before reaching the satellite [3]. On the other hand, longer path lengths may degrade the quality of
a limb retrieval because of increases in opacity due to water, aerosols, and the more abundant trace
gases. Long path lengths also increase the probability of cloud interference in a limb retrieval.

Limb sounding of the troposphere can be complicated because the temperature and composition
of the troposphere is angularly inhomogenous due to dynamic forcing of the atmosphere. For ex-
ample, Stiller et al. [4] +nd that temperature angular inhomogeneities can, in some instances, add
errors of 100% or more to MIPAS atmospheric trace gas retrievals. Carlotti et al. [5] propose an
approach that they call a “geo-+t”, which simultaneously retrieves vertical pro+les for an orbit of
limb measurements in order to address angular inhomogeneities. Similarly Livesey and Read [6]
+nd that temperature and gas angular inhomogeneities will a<ect AURA MLS retrievals. They show
that a 2D retrieval of temperature and gas distribution improves the accuracy of a limb retrieval as
compared to a limb retrieval that assumes an angularly homogeneous atmosphere.

In this paper we perform and evaluate 1D and 2D retrievals from a simulated limb sounding
observation of a simulated distribution of carbon monoxide (CO) with angular and radial dependence.
In particular, we choose a simulated plume of CO o< the coast of Japan that varied from 90 to
330 ppb of CO at 5 km, over a latitude range of 10◦. The radiation produced from this simulated
plume of CO is used as the measurement for both the 1D and 2D limb retrieval. Characterization of
these limb retrievals involves evaluating the averaging kernel and error covariance of the retrieval
with respect to the radial and angular distribution of carbon monoxide. Characterizing a limb retrieval
in this manner allows us to compare directly the performance of a 2D and a 1D limb retrieval of the
CO plume. The averaging kernel is used to de+ne a radial and angular resolution of the retrievals.
This 2D resolution is a measure of the minimum scale length and location to which the limb retrieval
is sensitive. In addition, the degrees of freedom for signal (DOFS) and the information content are
computed from the averaging kernel and error covariance matrix, respectively. Speci+cally, we show
that the DOFS and information content of the 2D limb retrieval is signi+cantly larger than that for
the 1D retrieval. The 2D characterization of a limb retrieval can also be applied to develop a strategy
for validating a limb retrieval with an in situ measurement of the same air mass.
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Fig. 1. GEOS-CHEM CO volume mixing ratios for model date March 25, 2001 at pressure of 422 hPa (approximately
7:0 km). This image illustrates the angular variations of CO that might be viewed by a tropospheric sounder. A bright
vertical line at 30N, 140E shows the cross section of the plume used for this case study. In this simulation, TES is
viewing this cross section from the North at an altitude of 705 km and at approximately 55N 140E.

2. Case study

2.1. Simulated atmosphere

We generate a simulated atmosphere consisting of pro+les temperature, H2O, O3, and CO using
the GEOS-CHEM global 3D model of tropospheric chemistry [7]. The model is driven with assim-
ilated meteorological +elds from the Goddard Earth Observing System (GEOS) of the NASA Data
Assimilation OQce. We employ here version 4.20 of GEOS-CHEM, which has a horizontal resolu-
tion of 2×2:5◦ with 48 sigma levels in the vertical from the surface to 0:01 hPa. The model includes
a comprehensive treatment of O3-NOx-hydrocarbon chemistry in the troposphere. In the stratosphere
the production rates and loss frequencies of CO are based on a stratospheric climatology derived
from the Harvard 2D model [8]. Stratospheric O3 concentrations are calculated using the linearized
ozone chemistry of McLinden et al. [9].

Fig. 1 shows an image of the modeled volume mixing ratio of CO for model date March 25,
2001 at a pressure of 422 hPa (approximately 7:0 km). The modeled +elds have been mapped on
to the +xed pressure levels of the TES forward model by interpolating the natural logarithm of the
mixing ratios as a function of the logarithm of the pressure. Fig. 1 illustrates the angular variations
of carbon monoxide that are likely to be observed with tropospheric limb sounding observations.
O< the coast of Japan at 30N, 140E is a plume with peak concentrations more than double the
background value. A bright vertical line shows the cross section of the plume used for this case
study. Fig. 2 shows the vertical CO pro+les from this cross section. The black pro+le at 30◦ latitude
has the largest concentrations of carbon monoxide.
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Fig. 2. Vertical CO pro+les from the cross section illustrated in Fig. 1. The black pro+le at 30◦ latitude has the largest
concentrations of carbon monoxide.

2.2. Tropospheric emission spectrometer

Our simulated viewing platform is the TES instrument [10], which is scheduled to launch in
2004 aboard the Earth Observing System (EOS) Aura satellite. The TES is a Fourier transform
spectrometer with a spectral range between 650 and 2250 cm−1. Four arrays of 16 detectors each
measure the outgoing atmospheric radiance. In the limb mode, the centers of the detector arrays are
pointed to approximately 16 km above the surface. The full-width-half-maximum (FWHM) for the
+eld-of-view (FOV) of each detector is approximately 2:0 km so that the full +eld-of-regard (FOR)
is about 32 km for the entire detector array. The FOV of a detector overlaps that of the adjacent
detector near the half-width of the detector FOV. Part of the sequence of measurements taken by
TES are three sequential limb scans that are within approximately 1◦ of each other. We therefore
combine these three measurements for the 2D retrieval because the cross section of air viewed by
each limb scan strongly overlaps.

2.3. Assumptions for 2D limb retrieval of carbon monoxide

The strategy for both TES nadir and limb pro+le retrievals is to +rst retrieve atmospheric temper-
ature and H2O, followed by ozone and then other trace gases such as CO, CH4, HNO3, NO, NO2,
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etc. However, in order to focus on the 2D characterization of a limb pro+le retrieval we retrieve
only the radial and angular distribution of CO and assume that all other atmospheric quantities are
known perfectly and that there are no systematic errors from either the forward model or instrument.
In addition, we assume that there are no clouds and that the atmosphere is non-scattering. A future
paper that characterizes the TES limb-viewing capabilities will systematically retrieve all relevant
quantities (e.g., temperature and interfering species) prior to characterizing the retrieval of a species
of interest.

The spectral region between 2080 and 2110 cm−1 is used for the retrieval of CO described
in this study. The noise equivalent spectral radiance (NESR) for this spectral range is 1:7 ×
10−8 W cm−2 sr−1 cm−1 for each detector. We include CO2, H2O, and O3 as interfering species
in our model atmosphere. The temperature, water, and ozone +elds are also from the GEOS-CHEM
model but are assumed to be angularly homogeneous for the purpose of simplifying this analysis.

3. Forward model

3.1. Forward model for an angularly homogenous atmosphere

In order to model the radiance +eld across the TES detectors for a homogeneous atmosphere,
we follow Clough et al. [11] who summarize the calculation of the radiance +eld incident on the
TES detectors, and the subsequent limb retrieval of ozone for a simulated, angularly homogeneous
atmosphere using the expected TES instrument con+guration and viewing geometry. The angularly
homogenous atmosphere used for the radiative transfer, or “forward” model, in a 1D vertical retrieval
is depicted in Figs. 3a and b. The atmosphere is described as a set of 86 concentric layers that
are separated by 87 constant pressure surfaces or “levels” that range from 1014 to 0:01 hPa. The
collection of these constant pressure surfaces constitute the radial grid. Each layer is composed of
a mixture of gas that is a function of averaged pressure and temperature, denoted as RPk and RTk for
layer k, respectively. The angular radiation +eld measured by the TES detectors is discretized with
a bundle of rays that span the TES FOV. Each ray is traced through the atmosphere to the TES
sensors. A simpli+cation in this ray tracing can be made by specifying that each ray must correspond
to a tangent point of one of the TES FM pressure levels; a tangent point is de+ned as the location
where a ray is coincident and parallel to a level.

The radiance for a single ray can be described as a function of the radiance along the ray path
in front of the tangent point as described in Fig. 3a and the radiance behind the tangent point:

Li
ray(	) = Li

back(	)Ti;N (	) + Li
front(	); (1)

where i is the pressure level corresponding to the tangent point, 	 is the frequency of the radiance
in cm1, and N is the total number of layers in the atmosphere. The total transmittance from the
tangent point at level k to the top of the atmosphere is

Ti;N (	) =
N∏
k=i

Tk(	); (2)

where the transmittance for each layer i is:

Tk(	) = e−�k (	) (3)
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Fig. 3. (a) A depiction of rays traced from tangent points to the TES detectors. Note that this +gure is not to scale. A
set of rays, which are incident on the TES detectors at di<erent angles, are used to discretize the angular radiance +eld
observed by TES. (b) An illustration of a ray traced through a set of levels and layers for a homogenous atmosphere. Level
quantities such as pressure, temperature, and mixing ratio (P; T; q) are shown on the left of the +gure. Layer quantities
for the ray are shown next to the ray path; layer quantities depend on the path through the layer and on the levels that
bound the layer.

and the optical depth �(	) is de+ned as

�k(	) =
Ns∑
l=1

�l
k�

l(	; RPk; RTk); (4)
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where Ns is the total number of species, �l
k is the column amount for the kth layer and the lth

species, �l is the absorption coeQcient for the lth species, RPk is the averaged layer pressure, and
RTk is the averaged layer temperature for layer k.
Layer quantities such as the column amount of each atmospheric species as well as the average

pressure and temperature of the layer, depend on the pressure, temperature, and corresponding mixing
ratios at the adjacent levels as illustrated in Fig. 3b. For example, the column amount in Eq. (4)
can be expressed as

�k = �k(qray(Pi); qray(Pi+1)); (5)

where qray is the volume mixing along the ray path evaluated at pressure levels i and i + 1. For a
homogeneous atmosphere there is no angular dependence on trace gas concentrations.

The radiance for the “front” component of a ray is computed by numerically integrating thermal
radiance contributions from each layer of the forward model. The radiance contribution from each
layer depends on the optical thickness of each species within the layer as well as the thermal
contribution as accounted for by the Planck function:

Lk
front(	) =

N∑
i=k

(1 − Ti(	))B(	; RT i)Ti+1;N (	); (6)

where B is the Planck function.
For the TES forward model, absorption coeQcients for each species, �l(	), are computed by

interpolating between absorption coeQcient look-up tables speci+ed on a pre-de+ned pressure and
temperature grid. These pre-de+ned absorption coeQcient tables are generated using the Line-By-Line
Radiation Transfer Model (LBLRTM) [12,13]. The radiative transfer approach for computing the
radiance of each ray is also based on LBLRTM, that is, Eq. (6) is evaluated recursively. Note that
for an angularly homogenous atmosphere, the atmosphere is symmetric with respect to the tangent
point. Consequently, the “back” and “front” layer quantities are the same for each ray.

Each ray spectra is convolved with the TES instrument-line-shape (ILS) function to account for
the TES spectral resolution. Then, the radiances from the bundle of rays are integrated over the
angular response of each detector (i.e., the detector FOV) to compute the expected angular radiance
for each of the TES detectors [11].

3.2. Ray tracing for angularly inhomogenous atmosphere

The transfer of radiation through an angularly inhomogeneous atmosphere can be computed in
the same manner as for an angularly homogeneous atmosphere. However, the ray tracing approach
must be modi+ed to account for a radial and angular distribution of temperature or atmospheric
constituents. Fig. 4a describes some of the salient aspects of our 2D ray tracing approach. The
atmosphere must now be de+ned on a +xed radial and angular grid. In Fig. 4a, the angular grid
is de+ned by interpolating the GEOS-CHEM pro+les to a 1◦ latitudinal grid. The surface altitude
is set to 0 km and the surface pressure is +xed to 1000 hPa. As with the homogeneous case, rays
correspond to tangent points on pressure levels. However, the angular location of each tangent point,
relative to the satellite and the +xed angular grid of the atmosphere, must also be de+ned. Tangent
point locations are computed using the approach described by Rodgers [14].
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Ray Tracing for an Inhomogeneous Atmosphere
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Fig. 4. (a) Limb ray tracing approach for inhomogeneous atmosphere. The mixing ratio, qray, at the point where a ray
intersects a pressure level is determined by interpolating in angle between the mixing ratios that are de+ned on adjacent
pro+les. This approach is used to compute the mixing ratios along the ray path at each pressure level. (b) Viewing
geometry for TES 2D retrieval. There are 6 lines, denoted by Atm 1–Atm 6, which represent vertical carbon monoxide
pro+les that are generated by the GEOS-CHEM model. Examples of rays traced from tangent point locations to the satellite
(denoted by Scans 1–3) are depicted. The rays traced to a speci+c satellite location represent the +eld-of-view of a TES
measurement. This +gure illustrates how the +eld-of-view of these TES limb measurements overlap.

At each point where a ray intersects a TES pressure level, the volume-mixing ratio (VMR) is
computed by interpolating in angle between the VMR of the gas of the two nearest pro+les on the
same pressure level (Fig. 4a). The calculation of this angle must also account for bending related to
the index of refraction [14,15]. For example, if a ray intersects level i between pro+les j and j + 1
at an angle � then the volume mixing ratio of the trace gas, qray(Pi; �), at level i for the ray is

qray(Pi; �) = (1 − �)q(Pi; �j) + �q(Pi; �j+1); (7)

where �∈ [�j; �j+1] and the interpolation coeQcient � is

�=




� − �j

�j+1 − �j
; �j6 �6 �j+1;

0 otherwise:

(8)

The quantity � is the zenith angle of the point where the ray intersects a pressure level. The quantities
�j and �j+1 are the zenith angles of the two nearest pro+les. In this manner, a set of mixing ratios,
de+ned on the TES +xed pressure grid, is computed for each ray that accounts for the radial and
angular distribution of the atmosphere. Layer quantities such as column amounts, average pressure,
and average temperature are computed using these interpolated mixing ratios.

3.3. Jacobians

The TES forward model and retrieval algorithm analytically computes the derivative (or Jacobian)
of the ray radiance with respect to the natural log of the VMR at each pressure Pi and each angle �j.
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The Jacobian for the ray radiance can be written as

Kray(	; ln q(Pi; �j)) =
@Lray(	)

@ ln q(Pi; �j)
=

@Lray(	)
@ ln qray(Pi; �)

@ ln qray(Pi; �)
@ ln q(Pi; �j)

: (9)

The Jacobian in Eq. (9) is expanded into a product of two terms. The +rst term, @Lray(	)=@ ln qray
(pi; �j), of the Jacobian is computed from Eq. (6). A description of this part of the analytic Jacobian
is beyond the scope of this paper. The second term @ ln qray(Pi; �)=@ ln q(Pi; �j) is expanded into the
following:

@ ln qray(Pi; �)
@ ln q(Pi; �j)

=
q(Pi; �j)
qray(Pi; �)

@qray(Pi; �)
@q(Pi; �j)

; (10)

where

@qray(Pi; �)
@q(Pi; �j)

= (1 − �); (11)

@qray(Pi; �)
@q(Pi; �j+1)

= � (12)

are computed by di<erentiating Eq. (7). Eq. (9) is used to map a ray Jacobian, evaluated with respect
to the mixing ratios along the ray path, qray, to a ray Jacobian that is evaluated on the full pressure
and angular grid.

As with the radiance, the collection of ray Jacobians on the 2D grid are +rst convolved with the
TES instrument-line-shape function. Then the ray Jacobians for each pro+le are integrated over the
angular response of each of the TES detectors to obtain a set of detector Jacobians over the full,
+xed pressure and angular grid.

4. Estimation theory

Measured radiances in TES can be related to a forward model through the following additive
noise model:

y = F(x; b; 	) + n; (13)

where y∈RN is the observation vector containing the calibrated, measured spectra. The observation
vector is the sum of the non-linear forward model operator, F :RM → RN , which simulates a spectrum
produced from the propagation of radiation through the atmosphere to the spacecraft, and the noise
term n∈RN , which is assumed to be zero-mean, white Gaussian noise so that:

Sn = E[nnT] = �2I; (14)

where E[ ·] is the expectation operator [16] and �2 is the variance of the noise. The forward model is
a function of the “full” state vector, x∈RM where x is the distribution of the retrieved atmospheric
gas. For example, in this study the full state vector x is the log of the volume mixing ratio (vmr)
of carbon monoxide as a function of log pressure grid (P) and angle (�). For the carbon monoxide
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plume, the full state vector is discretized on N = 85 pressure levels and L= 12 angles:

x = ln




q(P0; �1)

...

q(PN ; �1)

...

q(P0; �L)

...

q(PN ; �L)




: (15)

The vector b contains all the other parameters, trace gases, atmospheric temperature distribution,
geometry of the spacecraft, etc., necessary to de+ne the angular radiance for the TES sensors.
The vector b will be dropped in subsequent derivations because these parameters are +xed for the
purpose of simplifying this study. Fine discretization in both pressure and angle is required to model
accurately the radiative transfer through the atmosphere. However, radial and angular structure present
in the full state vector cannot typically be resolved on this +ne grid; the retrieval must therefore be
regularized. Regularization of the retrieval includes de+ning a retrieval vector that limits the possible
values of the full state vector. For this study, the retrieval vector and the full state vector are related
by a linear mapping:

x =Mz; (16)

where z∈RM is the retrieval vector and M∈RM×N is a mapping matrix. The mapping matrix may
also be interpreted as

M =
@x
@z

: (17)

The mapping matrix represents a “hard constraint” because the estimate cannot take on values
outside the range space of M [2,14].

The 2D retrieval can be described by the following augmented non-linear least squares (NLLS)
solution:

x̂ =M · min
z

(‖y − F(Mz)‖2
S−1
n

+ ‖z − zc‖2!); (18)

where zc is a constraint vector,  ∈RM×M is a constraint matrix and Sn is the error covariance
matrix de+ned in Eq. (14). The constraint vector and matrix are referred to as “soft” constraints
because they provide a priori information about the solution space, e.g., smoothness of the pro+le
or statistical distribution of the state vector, without restricting that solution space for the estimate.
The non-linear retrieval of the CO distribution is based on the iterative minimization of the observed
limb radiances with the forward model evaluated at successive estimates of the CO retrieval vector.
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4.1. Linear retrieval

If the estimate of carbon monoxide is “close” to the true state, then its dependence on the choice
of constraint vector, constraint matrix, and true state can be described by the linear retrieval [14]

x̂ = xc + Axx(x− xc) +MGzn; (19)

where M is the mapping matrix, Axx is the averaging kernel matrix, n is the noise vector, x is the
true full state vector (the CO distribution), xc =Mzc is the constraint state vector, and Gz is the
gain matrix, which is de+ned by

Gz =
@z
@F

= (Kz
TS−1

n Kz + !z)−1Kz
TS−1

n : (20)

The retrieval Jacobian, Kz, is de+ned by

Kz =
@F
@x

@x
@z

= KxM: (21)

Eq. (19) is a valid approximation to Eq. (18) when

Kx(x− x̂) ≈ F(x; b) − F(x̂; b); (22)

where F is de+ned in Eq. (9).
The averaging kernel matrix or resolution matrix, Axx = @x̂=@x is the sensitivity of the retrieval to

the true state of the atmosphere [14] and is computed by the following equation:

Axx =
@x̂
@x

=
@x̂
@z

@z
@F

@F
@x

=MGzKx: (23)

The resolution of the retrieval can be derived from the columns of the averaging kernel matrix,
@x̂i=@x, which de+ne the relative contribution of each element of the true state to the estimate at a
particular pressure and angle. In many cases, the elements of the true state that have the greatest
contribution to the estimate are also in close proximity to the estimate. In those cases, the resolution
can be de+ned as the “width” or “area” of the subset of elements of the true state that have a relative
contribution greater than some threshold [17]. The resolution for a 2D retrieval will be described in
more detail in Section 5.
When the constraint vector and matrix are the mean and covariance of the state vector, then the

DOFS of the retrieval can be calculated from the averaging kernel matrix [14]:

DOFS, tr[Axx]: (24)

The degrees of freedom for signal of the retrieval may be interpreted as the number of statistically
independent elements of the estimate.

4.2. Error analysis

The error in the estimate of the atmospheric pro+le is the true state minus the estimate:

x̃ = x− x̂: (25)
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Substituting Eq. (19) into Eq. (25) leads to

x̃ = (I − Axx)(x− xc)︸ ︷︷ ︸
smoothing error

+ MGzn︸ ︷︷ ︸
noise error

: (26)

The right-hand side of this equation is composed of two terms. The second term transforms the
random spectral error to an error on the full state vector. The +rst term results from applying
constraints to the estimate of ozone on this speci+c grid. These constraints can be a combination of
“hard” constraints, e.g. representing the pro+le on a coarse pressure grid, or “soft” constraints, e.g.
adding a quadratic penalty function in Eq. (20) to ensure an acceptable regularization. This term is
the so-called “smoothing” error [14]. Physically, the smoothing error describes the extent to which
a remote observing system is sensitive to +ne structure as de+ned, in this context, on the forward
model grid.

The mean of the error vector de+ned on the full-state grid is

E[x̃] = (I − Axx)( Rx− xc); (27)

where Rx = E[x]. We have assumed a zero-mean measurement noise vector for Eq. (24). The total
error covariance matrix is

Sx̃ = (Axx − I)Sa(Axx − I)T +MGzSnGT
zM

T; (28)

where Sx̃=E[(x̃− R̃x)(x̃− R̃x)T], R̃x=E[x̃], and Sa=E[(x− Rx)(x− Rx)T]. The smoothing error covariance
matrix is composed of the averaging kernel matrix and the covariance of the state vector. Hence, the
smoothing error will decrease as the resolution of the retrieval increases, i.e., the averaging kernel
matrix will approximate the identity matrix, or if there is little variance in the state vector.

We base the a priori statistics of the state vector on a 2D climatological covariance that is
constructed in part from the GEOS-CHEM model. First, a 1D climatological covariance matrix
is computed from the GEOS-CHEM (Section 2.1) model for the region between 57◦ and 177◦E
longitude and 20◦ through 60◦N latitude so that

S1Da = E[(x1D − Rx1D)(x1D − Rx1D)T]; (29)

where x1D is the vertical full state vector for one angle. For simplicity, we assume that the covariance
for all pro+les is equal to the 1D covariance.

The 2D climatological covariance matrix is constructed by +rst creating a block diagonal matrix
where each sub-matrix is the covariance in Eq. (29):

[S2Da ]ii = S1D
a ; (30)

where the indices ii refer to the block diagonal components of S2Da . This 2D climatological covari-
ance, S2Da , is used for Sa in Eq. (28). For simplicity we introduce an ad hoc exponential correlation
between pro+les in the o<-diagonal blocks of the matrix:

[S2Da ]ij = e−|i−j|S1Da ; (31)

where the indices i and j refer to the o<-diagonal blocks of the matrix S2Da .
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A measure of the performance of the retrieval is the “information content” [14], which is de+ned as

VH =
1
2
log2

( |Sa|
|Sx̃|

)
=

1
2
(log2 |Sa| − log2 |Sx̃|); (32)

where | · | is the determinant operator. The determinant of the total error covariance matrix de+nes
the total error volume for the covariance. Likewise, the determinant of the covariance matrix of the
atmospheric constituent, which is de+ned by Sa, is a measure of the volume of uncertainty of that
constituent. The information content therefore describes the relative increase in “knowledge”, i.e.,
decrease in error volume, relative to the a priori knowledge of the atmospheric state. The unit of
information content in Eq. (32) is bits. The information content increases by one bit for every factor
of two decrease in error volume relative to the volume of uncertainty of the atmospheric state.

5. Carbon monoxide limb retrieval

5.1. TES viewing geometry

The TES takes 3 limb measurements, separated by 1◦, as part of the standard survey mode that
also includes nadir measurements and calibration. These 3 limb measurements are combined because
the FOV of these measurements overlap. The geometry for combining the 3 TES limb scans is
illustrated in Fig. 4b. Six GEOS-CHEM carbon monoxide pro+les span the CO plume and the TES
FOV of the combined measurements. The pro+les of the atmosphere at angles behind the reference
pro+le are set to a priori values because contribution of the radiance from these pro+les to the
radiance measured at the satellite is negligible. In order to better characterize the angular resolution
of TES, the six GEOS pro+les, spaced every 2◦ latitude are interpolated to 12 pro+les, spaced every
1◦ latitude.

Section 3.3 discusses how the Jacobians for each detector of each of the TES measurements are
computed for this set of pro+les. The set of 16 detector Jacobians from each of the TES measurements
are stacked together in the following manner:

Kx =




Kscan1
det1

...

Kscan1
det16

...

Kscan3
det1

...

Kscan3
det16




(33)

where the subscript “det” refers to detector and the superscript “scan” refers to each of the limb
sounding measurements.
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5.2. Mapping for 2D retrieval

Vertical retrieval levels are de+ned on a subset of the forward model pressure levels of each
pro+le. The map that we use to connect retrieval levels to forward model levels is two-point linear
interpolation as a function of log pressure. For a single pro+le with forward model levels i and
retrieval levels j, this map is a matrix M∈RM×N whose elements are de+ned as

Mij =




1 − ln Pi − ln Pj

ln Pj+1 − ln Pj
(Pj6Pi6Pj+1);

0 otherwise:
(34)

Vertical retrieval levels are speci+ed to coincide with every other pressure level on the forward
model grid in the troposphere but with coarser representation in the stratosphere such that there are
25 retrieval levels total.

The matrix that maps the 2D retrieval vector to the 2D full state vector is block diagonal and
therefore angularly independent:

Mv =



M 0

. . .

0 M


 ; (35)

where M is de+ned in Eq. (34). The relationship between the full state vector and retrieval vector
can be described by substituting Eqs. (15) and (35) into Eq. (16):

x = ln




q(P0; �1)

...

q(PN ; �1)

...

q(P0; �L)

...

q(PN ; �L)




=Mv ln




qz(P0; �1)

...

qz(PM ; �1)

...

qz(P0; �L)

...

qz(PM ; �L)




: (36)

On the right-hand side of Eq. (36), the subscript z refers to the vertical retrieval levels and M is
the number of retrieval levels for a pro+le. The 2D retrieval Jacobian is calculated by substituting
Eqs. (33) and (35) into Eq. (21):

K2D
z = K2D

x Mv: (37)

5.3. Constraint selection

The constraint used for this retrieval is based on the inverse of a 2D climatological covariance
described in Eqs. (30) and (31). This 2D climatology on the full-state grid is mapped to the 2D
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retrieval grid using a least-squares inverse of Eq. (35):

M∗
v = (MT

vMv)−1MT
v ; (38)

which results in

S2Dz =M∗
vS

2D
x M

∗T
v : (39)

The constraint used for the linear retrieval is simply

!z = (S2Dz )−1: (40)

The CO pro+le at 11◦ from the reference pro+le is chosen to generate the constraint vector xc
because this pro+le is assumed to be representative of background CO concentrations. This pro+le
is also stacked as in Eq. (15) in order to form the constraint vector.

5.4. 2D retrieval results

The 2D linear retrieval for the CO plume is computed by +rst substituting the Jacobian from Eq.
(37), the constraint from Eq. (40), and the measurement error covariance from Eq. (14) into Eq.
(20). The Jacobian is evaluated over the true full state vector, which is the set of pro+les that span
the CO plume. The standard deviation of the measurement error covariance matrix is the NESR
described in Section 2.3. This gain matrix in Eq. (20) is used to calculate the averaging kernel
matrix (Eq. (23)). Finally the estimate for the CO plume is calculated from Eq. (19) using the
averaging kernel matrix, gain matrix, true full state vector, the constraint vector (Section 5.3), and
a realization of the noise that is consistent with the NESR.

The true state, estimate, and a priori vector are shown in Fig. 5 as a function of vertical and
angular coordinates. The GEOS-CHEM distribution of CO (or true full state vector) is shown in
Fig. 5a as an image. The pro+le at 0◦ corresponds to the GEOS-CHEM pro+le at 30N 140E from
Fig. 2. There are 12 pro+les total, each separated by 1◦ in latitude. The CO concentrations between
pro+les are computed by interpolating between adjacent pro+les. The a priori constraint vector is
shown in Fig. 5b. The estimate from the 2D retrieval is shown in Fig. 5c. For the region between
0◦ and 1◦ and between 6◦ and 11◦ the estimate shows little change from the a priori. Between 2◦
and 5◦ the estimate shows enhanced CO concentrations above 6 km. Furthermore, between 2◦ and
5◦, both the estimate and the plume decrease with angle. The estimate for all pro+les follows the a
priori constraint below 5 km.

5.5. 2D characterization

The 2D retrieval can be understood by examining the averaging kernel and error covariance
matrices. Elements of the averaging kernel matrix describe the sensitivity of the retrieval to the true
state of the atmosphere. The diagonal of the averaging kernel for the 2D retrieval, as a function
of radial and angular coordinates, is shown in Fig. 6a. The retrieval is most sensitive to the true
state between 6 and 13 km and between 2◦ and 6◦. However, peak CO concentrations correspond
to the tangent layers between 0◦ and 1:5◦ (see Fig. 5a). The retrieval is not sensitive to these
large concentrations of CO because of the increased opacity from ozone and water (particularly the
water continuum) in the tangent layers. Fig. 6a shows that the 2D retrieval is most sensitive to the
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(a) (b)

(c) (d)

Fig. 5. (a) Distribution of CO from Fig. 2 (True). The pro+le at the origin of the x-axis corresponds to the pro+le at
30N 140E from Fig. 2. There are 12 pro+les total each separated by 1◦ in latitude. CO amounts between pro+les are
interpolated from adjacent pro+les. (b) Constraint vector used for the 2D and 1D limb retrieval, mapped to vertical and
angular coordinates (a priori). (c) Results of the 2D retrieval and Fig. 5(d) results from the 1D retrieval.
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(a) (b)

(c)

Fig. 6. (a) Diagonal elements of the averaging kernel matrix from the 2D retrieval. This diagonal of the averaging kernel,
which is mapped to vertical and angular coordinates, shows where the retrieval is most sensitive to the true CO distribution.
Fig. 6b shows the diagonal of the averaging kernel from the 1D retrieval. Fig. 6c shows the column of the averaging
kernel matrix from the 2D retrieval that corresponds to the sensitivity of the retrieval vector at 3◦ and 12:4 km to the
true CO distribution. The column vector of the averaging kernel is used to de+ne the vertical and angular resolution of
the 2D retrieval.
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volume of air between 2◦ and 6◦. This increased sensitivity is related to the decreased opacity from
interfering species and because each of the three limb measurements view this volume of air.

The averaging kernel matrix for the 2D retrieval can also be used to describe a radial and angular
resolution. This resolution can be de+ned from the column of the averaging kernel, Ai = @x̂i=@x,
which describes how the estimate for a parameter x̂i is a<ected by a perturbation of parameter of
the true state. Fig. 6c shows the column of the averaging kernel in radial and angular coordinates,
corresponding to pressure level 17 (12:4 km) for the pro+le at 3◦ from the reference. Contours on
the image show where the averaging kernel is at 95%, 50%, and 10% of the maximum value of
the averaging kernel column (∼ 0:1). The half-width, i.e., the contour corresponding to 50% of the
maximum value can be used to de+ne a “resolution” for this retrieval at this speci+c level. The
angular extent of the half-width, that is, the maximum angular value of the half-width minus the
minimum angular value is about 1:3◦ and the vertical extent of the half-width is about 7 km. These
resolutions are consistent with our results in that the retrieval appears to capture angular variations
of the plume but only infers an average of the vertical “double peak” feature that is apparent in
each of the CO pro+les.

The square root of the diagonal components of the climatological covariance matrix (Eq. (29))
is shown in Fig. 7a. The square root of the diagonal elements of the total error covariance matrix
(Eq. (28)) for the retrieval is shown in Fig. 7b. The total error includes the smoothing error and
the noise related error (Eq. (28)). As expected, the error decreases in the region where the retrieval
is sensitive as shown in Fig. 6. Fig. 7b shows that the uncertainty in CO for the volume of air
between 3◦ and 5◦ latitude and between 6 and 12 km has been reduced from approximately 25% to
about 10%.

5.6. Column amounts

The resolution of 1:3◦ and 7 km, computed from the averaging kernel, suggests that we can
probably infer an integrated column for several of the pro+les that span the carbon monoxide plume.
For a single pro+le we can de+ne a column operator that integrates the CO densities into a column
amount:

c = hTx1D; (41)

where h is the 1D column operator that integrates the CO densities of a single pro+le x1D over a
speci+ed altitude range. The columns of CO for all of the pro+les are calculated by

c =Hx; (42)

where c∈RL is the CO column vector and H∈RL×N is the column operator for all L pro+les. The
column operator, H, is constructed by stacking h in the same manner that the 1D map is stacked
in Eq. (35). The result of using the 2D column operator in Eq. (42) on the full state grid over all
pressure and angles is a vector of columns for the 12 latitudinal angles. The total error of this vector
of column amounts is then

Sc̃ =HSx̃HT; (43)
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(a) (b)

(c)

Fig. 7. Standard deviation (square root of the diagonal) of a 2D climatological covariance matrix generated from
GEOS-CHEM. Fig. 7b is the standard deviation of the total error for the 2D retrieval. Fig. 7c is the standard
deviation of the total error for the 1D retrieval.
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Fig. 8. Integrated column amounts for each of the vertical CO pro+les that span the plume. The solid line shows the
column amount for the “true” pro+les and the symbols with error bars show the column amounts for the estimated pro+les.
The dotted rectangle shows the angular region where the retrieval is most sensitive to the CO plume.

where Sc̃ ∈RL×L is the error covariance of the column amounts and Sx̃ is the total error covariance
in Eq. (28) for the 2D retrieval. Because the 2D estimate is not sensitive to CO concentrations below
6 km we start the integration of the column densities above 6 km for each pro+le; this approach
ensures that the integrated columns are minimally a<ected by the choice of a priori constraint. Fig. 8
shows the column amounts corresponding to each of the 12 pro+les. The error bars represent the
square root of the diagonal values of the Sc matrix. Fig. 8 shows that we can infer, within error, the
integrated carbon monoxide columns for the pro+les between 2◦ and 5◦ latitude from the reference
with some information about the column amount for the pro+les at 1◦ and 6◦ from the reference. The
a priori column variance calculated from the 1D climatological covariance matrix in Eq. (29) is about
15%. What is particularly striking is that integrated columns and their angular variation between 2◦
and 5◦ from the 2D retrieval agree with the integrated columns related to the CO plume’s biomass
burning signature.

6. 1D limb retrieval

For a 1D retrieval, an angularly homogeneous atmosphere is used to describe the state of the
atmosphere viewed by a limb sounder [11,18–20]]. This assumption of an angularly homogeneous
atmosphere is reasonable for the stratosphere [21] except for example at the polar vortex [22]. For
retrievals of the troposphere, the e<ect of angular inhomogeneity needs to be considered.
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6.1. Mapping for 1D retrieval

The 1D retrieval is based on constraining the vertical pro+le to be the same for all angles. This
constraint is implemented with a mapping matrix. The retrieval vector for the 1D retrieval is mapped
to the full 2D state vector using Eq. (16) and the following mapping matrix:

M� =

1 2 · · · M


1 0 · · · 0

0 1 · · · 0

...
...

...
...

0 0 · · · 1

1 0 · · · 0

0 1 · · · 0

...
...

...
...

0 0 · · · 1

...
...

...
...




1

2

...

M

1

2

...

M

...

: (44)

The Jacobian for the 1D retrieval is calculated by substituting the Jacobian from Eq. (37) and
Eq. (44) into Eq. (21). Note that this map is equivalent to summing the elements of the 2D Jacobian
over angles:

K1D
z =

@L(	)
@z(Pi)

=
∑

i

@L(	)
@z(Pi; �j)

= K2D
z M�: (45)

The product of the matrix in Eq. (35) and the matrix in Eq. (44) is a single map that converts the
Jacobian on the 2D full state grid to the 1D Jacobian on retrieval levels:

K1D
z = K2D

x Mc; (46)

where

Mc =MvM�: (47)

6.2. Constraint selection for 1D retrieval

The constraint used for the 1D retrieval is the inverse of the 1D climatological covariance matrix
(Eq. (29)). The choice of this constraint is consistent with assumption of an angularly homogeneous
atmosphere. This climatology is mapped from the original 85 level pressure grid to retrieval levels
using a least-squares estimate of the inverse of the single pro+le map from Eq. (34). The constraint
vector, xc, is the same constraint vector used for the 2D retrieval.
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6.3. Results for 1D retrieval

The 1D retrieval is computed in a similar manner as the 2D retrieval (see Section 5.4) where the
map is from Eq. (47), the gain matrix (Eq. (20)) is computed with the Jacobian from Eq. (46) and
the constraint is described in Section 6.2. The linear 1D retrieval results in 12 identical pro+les. For
comparison with the 2D retrieval, these 12 pro+les are shown as an image in Fig. 5d. The retrieved
pro+le suggests that the 1D limb retrieval also infers enhanced CO concentrations related to the
plume above 7 km but no information about their angular variations. Consequently, the 1D retrieval
maps this vertical estimate over the entire TES +eld-of-view.

Although a single pro+le is inferred for this 1D retrieval, the averaging kernel matrix is computed
for the 2D atmosphere using Eq. (23) in order to show the sensitivity of the 1D retrieval to the
two-dimensional distribution of CO. For comparison with the 2D retrieval, the diagonal of the
averaging kernel matrix is shown in Fig. 6b. Like the 2D retrieval, the 1D retrieval is most sensitive
to the cross section of CO between 6 and 13 km and between 3◦ and 5◦ latitude from the reference.

7. Comparison between 1D limb and 2D retrieval

The size of the averaging kernel and error covariance matrices makes comparisons between the
1D and 2D retrievals challenging. The degrees of freedom and information content are two metrics
that reduce the averaging kernel and error covariance matrices, respectively, into scalar values that
facilitate the comparison between two retrievals that are evaluated on the same full-state grid.

The DOFS, which is de+ned in Eq. (24), is a description of the number of independent pieces of
information that can be inferred from a retrieval. Table 1 lists DOFS for the 1D and 2D retrieval. For
the 2D retrieval, the DOFS is 7.1. The DOFS is distributed through the total number of state elements,
which is 85 pressure levels × 12 angles=1020 elements. However, inspection of the diagonal of the
averaging kernel in Fig. 6a indicates that the DOFS are concentrated over a cross-section of the full
state vector. For the 1D retrieval, the DOFS is 3.1. This reduction in DOFS is consistent with the
loss of angular resolution imposed by assuming the hard constraint of an angularly homogeneous
atmosphere (Eq. (45)).

The information content, which is de+ned in Eq. (32), describes the relative change in volume
between the retrieval error covariance and the a priori covariance matrix. Table 1 lists the information
content of the 1D and 2D retrievals. As discussed in Section 4, this form of the information content

Table 1
Retrieval characterization

Retrieval Constraint DOF Information content (bits)

2D Mapped 2D Sa 7.2 9.8
1D 1D Sa 3.1 0.5

The +rst column is the retrieval type, the second column describes the constraint used for the retrieval. The DOF refers
to the degrees of freedom for the retrieval. The information content describes the change in error volume as computed
from the a priori and retrieval covariances. Every bit implies that the error volume of the retrieval is a factor of 2 less
than the a priori covariance.
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is given in “bits” with every bit implying that the error volume, relative to the a priori covariance,
has been reduced by a factor of 2. The information content for the 2D retrieval is 9.8 bits whereas the
information content for the 1D retrieval is 0.5 bits. This signi+cant di<erence in information content
between the 1D and 2D retrievals can be explained by the hard constraint in the 1D retrieval that
forces the pro+le to be the same over all angles. Consequently, the smoothing and measurement
covariance (Eq. (26)) can be larger than the a priori covariance in the cross section of CO where
the retrieval is insensitive, as shown in Figs. 7b and c. On the other hand, the 2D retrieval is
constrained to the a priori in the cross-section of CO where the retrieval is insensitive. Therefore,
the 2D retrieval provides a net information gain in regions where the retrieval is sensitive but no
information loss where the retrieval is insensitive.

8. Validation of limb retrieval

In situ and limb remote sensing measurements provide complementary information about the atmo-
sphere. However, comparisons can be diQcult between these measurements because of their di<ering
spatial resolution [23]. These comparisons are often performed by directly examining the di<erence
between an in situ measurement and the retrieved atmospheric pro+le from the sounder. The in situ
pro+le and the retrieved pro+le are considered to be in “good” agreement if that di<erence is within
the “error bars”, i.e., the diagonal of the error covariance matrix, of the retrieval. Disagreement
between pro+les measured from the in situ and limb sounder may be attributed to inhomogeneity of
the atmospheric constituents, instrument errors, or the di<erences in spatial resolution between the
limb sounder and the in situ measurement.

The 2D characterization of the limb retrieval provides a framework that can be used to inter-
compare limb sounders with in situ measurements taken within the +eld-of-view of the sounder.
This framework accounts for an inhomogeneous distribution of atmospheric constituents and di<ering
spatial resolutions between in situ and limb retrieval measurements. As an example, we consider the
intercomparison of the 1D CO limb retrieval with in situ measurements placed at di<erent angles
within the TES FOV. An in situ measurement of CO at 0◦ is a natural choice for an intercomparison
because the CO amounts seen by the satellite in the layers at 0◦ are the largest relative to the CO
amounts at the other angles. This approach has been used to intercompare in situ measurements
with solar occultation measurements [21,24,25]. Nevertheless, a direct comparison of the pro+le at
0◦ to the 1D estimate would suggest that there was signi+cant disagreement between the in situ
measurement and the 1D retrieval. This disagreement is due in part to the e<ects of the constraints
used in the retrieval. These e<ects can be accounted for by assuming that the in situ measurement
is of an angularly homogeneous atmosphere. The pro+le from the in situ measurement is mapped
to an angularly homogeneous atmosphere and substituted for the true full-state vector in Eq. (19).
The simulated 1D limb retrieval for this angularly homogeneous atmosphere is shown in Fig. 9. The
shape of the simulated 1D limb retrieval is similar to the 1D limb retrieval in Fig. 9 but there is still
a signi+cant discrepancy between magnitudes of the volume mixing ratio of the retrieved pro+le.
This discrepancy can be explained in part by examining the averaging kernel of the 1D retrieval
(Fig. 6b), which indicates that the limb retrieval is primarily sensitive to CO concentrations between
3◦ and 5◦ from the reference. Therefore, we can conclude that an intercomparsion of an in situ
measurement at the 0◦ reference latitude and this limb retrieval is not useful.
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Fig. 9. The black line is the GEOS-CHEM vertical CO pro+le 4◦ from our reference latitude of 30N 140E. The blue line
shows the results of the 1D limb retrieval. The green line shows a linear 1D retrieval where the true state over all angles
is taken to be an in situ measurement at the reference latitude. The orange line shows a linear 1D retrieval where the
true state over all angles is taken to be an in situ measurement at 4◦ from the reference latitude.

However, the averaging kernel can be used to determine where an in situ measurement should be
placed in order to improve the intercomparison. From Fig. 6b, the sensitivity of the 1D limb retrieval
peaks at 4◦. Therefore, we consider the intercomparison of a in situ measurement placed at 4◦ with
the 1D limb retrieval. The pro+le from the in situ measurement at 4◦ is mapped to an angularly
homogeneous atmosphere and substituted for the true full-state vector in Eq. (19). The simulated 1D
limb retrieval from the in situ measurement and the 1D limb retrieval of the angularly inhomogeneous
1D limb retrieval are shown in Fig. 9. The intercomparison shows a disagreement in the retrievals
of no greater than 10 ppb of CO from 0 to 25 km. In this case, the 2D characterization of the
1D limb retrieval allowed for a more optimal placement of the in situ measurement for validation
of the CO limb retrieval. Unfortunately, comparison of a single in situ measurement with a 1D
limb retrieval provides little information about the angular distribution of the CO plume. However,
this technique could be extended to a comparison of the 2D limb retrieval with multiple in situ
measurements.

9. Summary and conclusions

In this paper we performed and characterized 1D and 2D limb retrievals of an atmosphere with
an angular and radial distribution of carbon monoxide. For a test case, we chose a simulated
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cross section of a CO plume o< the coast of Japan. This cross section is located at 140◦ lon-
gitude and between 30◦ latitude and 40◦ latitude. We describe a model that calculates the an-
gular radiance +eld measured by a limb sounder for a distribution of CO de+ned on a radial
and angular grid. Based on this model, we calculate linear 1D and 2D limb retrievals of the CO
plume.

Characterization of the 2D retrieval involved the calculation and interpretation of the 2D averaging
kernel and error covariance on the radial and angular grid. From the averaging kernel, we +nd the
retrievals to be most sensitive to the cross section of CO between 2◦ and 5◦ in front of the reference
pro+le located at 140◦ longitude and 30◦ latitude even though the largest column amounts of CO
along the line of sight of the instrument are between 0◦ and 2◦. The 2D averaging kernel was also
used to de+ne a radial and angular resolution for the 2D retrieval. For regions where the retrieval
was most sensitive, the resolution was about 7 km and 1:3◦. Based on this resolution, we examined
the columns of the pro+les that span the CO plume as well as their corresponding estimates from the
2D retrieval. The estimated columns are accurate to within about 10% between 2◦ and 5◦ from the
reference pro+le, which is suQcient to capture the angular variation of the corresponding columns
of the CO plume.

In order to compare the 1D and 2D limb retrievals, the 1D limb retrieval is also characterized
in two dimensions. We +nd the 1D retrieval is also most sensitive to the same cross section of
CO as the 2D retrieval. Two metrics for these retrievals are also computed: the degrees of freedom
for signal DOFS and the information content. The DOFS for the 2D retrieval is 7.2 versus 3.1 for
the 1D retrieval. This reduction in DOFS is consistent with the loss of angular resolution imposed
by assuming the hard constraint of an angularly homogeneous atmosphere. The information content
for the 2D retrieval is 9.8 bits whereas the information content for the 1D retrieval is 0.5 bits.
This signi+cant di<erence in information content between the 1D and 2D retrievals was explained
by the hard constraint in the 1D retrieval that forced the pro+le to be the same over all angles.
Consequently, the total error covariance can be larger than the a priori covariance in the cross
section of CO where the retrieval is insensitive. On the other hand, the 2D retrieval is constrained to
the a priori in the cross-section of CO where the retrieval is insensitive. Therefore, the 2D retrieval
provides a net information gain in regions where the retrieval is sensitive but no information loss
where the retrieval is insensitive.

2D characterization also provides a means of comparing limb retrievals to one or more in situ
measurements. As an example, we showed a comparison between the 1D limb retrieval and a single
in situ measurement. The 2D averaging kernel was used to determine the best placement of the in
situ measurement for comparison with the 1D limb retrieval.
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