Chapter 4

Introduction to Estimation Theory

4.1 Concepts of Probabilistic Estimation

The problem we are interest in this lecture is that of estimating the value of an n—
dimensional vector of parameters w, of a given system, on the basis of p observations
taken on these parameters, and stacked in a p dimensional observation vector z. We refer
to W as the estimate of the vector of parameters w under investigation, and we refer to
the quantity w = W — w as the estimation error. Based on the statistical formulation
of the problem, we assume that the observational process is imperfect, and therefore the
observations can be considered realizations of a random variable. Analogously, the vector
of parameters w is seen as a quantity belonging to realizations of another random vector.

4.1.1 Bayesian Approach

In Bayesian estimation theory we introduce a functional J which corresponds to a measure
of the “risk” involved in the estimate obtained for the parameter w. That is, we define

J(W) ELT (W)}

= /_OO J (W) pw(w) dw

— /_(i /_O:o J (W) pwz (W, z) dz dw (4.1)

where pw(w) is the marginal probability density of w, pwz(w,z) is the joint probability
density of the random variables w and z, and the function J(W) is the one that provides
the risk evaluation criteria, many times referred to as the cost function. The problem of
determining an estimate W gets reduced to that of minimizing the risk, or expected cost
value, by means of an appropriate choice of the functional J(W). We refer to the value of
W providing the minimum as the optimal estimate.

In general, the optimal estimate depends on the cost function being employed. Example of
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two common cost functions are the quadratic cost function,
J = ||¥[|g = ¥"Ew, (4.2)

where the n X n matrix E is assumed to be non-negative and symmetric; and the uniform

cost function,
_J o, Wl <e
J‘{l/ze, T (43)

However, for a large class of estimation problems, the resulting estimate is independent of
the choice of the cost function.

A desirable property of an estimate is that it be unbiased, that is, that its ensemble average
equals the ensemble average of the variable of interest. This is expressed mathematically as

E{Ww} = &{w) (4.4)

or in other words, the estimation error is zero: £{W} = 0. Estimates satisfying the equality
above are said to be unconditionally unbiased, which is more general than being a condi-
tionally unbiased estimate, that is obeying

E{wlw} = w. (4.5)

4.1.2 Minimum Variance Estimation

The minimum variance estimate, denoted Wy, minimizes the risk function with the cost
function given by (4.2). Therefore, the risk function to be minimized is written explicitly
as

Taaw (W) = /_O:O /_O:O (W — R)TE(W — W) pua(w, 2) dz dw (4.6)

which, using the definition of conditional probability distribution (1.77), can also be written
as - -
T (W) = / {/ (w— W)TE(W — %) pups (W]2) dw} pa(2) dz. (4.7)
— 00 — 00
The outer integral does not involve W, and since the marginal probability density p,(z) is
always positive, we see that to search for the minimum of Jyv is equivalent to minimizing the
integral in the kernel of the expression above. The kernel can be identified as an expression
for the conditional Bayes risk, that is,

o0

Tuv (W]2) = / (w = W)TE(W = W) py(,(w]z) dw (4.8)

— 00

which is what we want to minimize with respect to w.

Using the definition of differentiation of a scalar function f = f(x) of an n—dimensional
vector x, that is,

= (4.9)
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we can show that for a constant n—vector a we have

dalx oxTa

= —a. 4.10
ox ox a (4:10)
Moreover, for an n X n symmetric matrix A we have
oxT Ax
=2Ax. 4.11
I X (4.11)

Applying these rules of differentiation to the minimization of Jyv(W|z) it follows that

0= 9w (Wlz) —_9E / (W — W) Pl (W]2) dw (4.12)
oW W=Wyy —o0 W=Wyy
and for any E,
Sour [ pupWlz) dw = [y (wlz) dw (1.13)
since the integral of py), is unity (because p is a probability density), hence
Wyv(z) = / pr|z(w|z) dw
= &{wlz} (4.14)

This estimate has the desirable property of being unbiased. This can be shown simply as

E{w} = E{w-— Wy}

= &{w - &{wlz}}

= &{w} - &{&{wlz}}

= &{w} - &{w)

=0 (4.15)

where the fourth equality follows from the chain rule for expectation operators in (1.84).

That the solution (4.14) is in fact a minimum of Jyy(W|z) can be seen by calculating the
second derivative of this quantity with respect to W, that is,

0 e (W]2)
ow?
and since E is a non-negative matrix, the second derivative is non-negative, therefore the
solution represents a minimum. Notice the extremely important fact that the estimate with
minimum error variance (4.14) corresponds to the conditional mean. Substitution of (4.14)
in expression (4.6) provides the Bayes risk with minimum error variance.

=2E (4.16)

4.1.3 Maximum «a posteriori Probability Estimation

Another estimator is defined through the risk function for the uniform cost function (4.3),
and can be written explicitly as

To(¥) = /OO {/OO J (%) pupp(wlz) dw} 12(2) dz

— 00 — 00
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= /_O:o {2—16/_1_6 Pwl|z(W|z) dw + %/WO:E Pwlz(W|2) dw} pz(z) dz
(4.17)

where, some caution is needed in reading the integrals inside the brackets: these are multiple
integrals and the notation W 4 ¢ should be interpreted as w; & ¢, Wy + €, and so on, for
each one of the n components of the vector w. Since py,, is a probability density function
its integral over the whole R™ domain is unity, consequently the Bayes risk function can be
written as

Jo (%) = /OO ! {1 - /W Prala(W]2) dw} pa(2) dz. (4.18)

oo 2€ Wee

For the problem of minimizing Jir with respect to W, the first term gives no relevant
contribution, thus we can think of minimizing

— 00 W—¢

To (W) ~ —(1/2¢) /OO {/fm Pra (W]2) dw} pa(2) dz. (4.19)

or yet, we can minimize the conditional Bayes risk

T (Wlz) = —(1/2¢) /fm

W—¢

Pwz (W|Z) dw (420)

since p,(z) is positive. As ¢ > 0 approaches 0, the mean value theorem for integrals! can
be employed to produce
jU(‘?V|Z) = —pW|Z(W|Z) (421)

which can also be obtained by noticing that as e approaches zero the cost function J(W)
turns into a common representation for the negative of the delta function, in an n—dimensional
space, that is, the cost function becomes

J(W) = — H §(w; — ;) . (4.22)

Minimization of Jy7(W|z) is equivalent to maximization of the conditional probability den-
sity function py|,(W|z). The value W = Wy,p that maximizes this quantity is known as the
maximum «a posteriori probability (MAP) estimate, and is determined by means of

8pw|z (‘?V|Z)
_ =0 4.2
8‘?\7 . 1 ( 3)
W=WNMAP
which is the same as (wl2)
8pw|z Wz
_— =0 4.24
8W . 1 ( )
W=WNMAP

'The mean value theorem for integrals (e.g., Butkov [22]) can be stated as:
(1/26)/ flz)dz = (1/2€)(2€) f(€) = f(&)
for —e < ¢ <e.
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since that the variables w and W play the role of “dummy” derivation variables. Knowing
that pyy, is really a function of w, we prefer to use (4.24) rather than (4.23) to avoid
confusion. The designation a posteriori refers to the fact that the estimate is obtained after
the observations have been collected, that is, probability of w given z. An estimate of
this type is briefly described in (1.29), consequently we can identify maximum a posteriori
probability estimation with mode estimation.

To maximize the probability density above is also equivalent to maximize its natural loga-
rithm, In py, (w|z), with respect to w. Using Bayes rule (1.79) we can write

I Pyl (W]z) = In[pyjw (2[w)pw (W)] — Inp,(2) (4.25)

and since p,(z) does not depend on w the maximum a posteriori probability estimate can
be obtained by solving either

1 w
O In[p,w (2|w) pw (w)] _ o, (4.26)
ow .
W=WNIAP
or
Opajw (2|W) pw (W) _
i =0, (4.27)
W=WNIAP

In general, the unbiasedness of the estimate is not necessarily guaranteed in this case.

4.1.4 Maximum Likelihood Estimation

In maximum a posteriori probability estimation it is necessary to know the probability
density of the process of interest, that is pw(w). In maximum likelihood (ML) estimation,
we assume this a prioriinformation is unknown. Assuming for the moment that the a prior:
probability distribution is Gaussian, with mean p, and covariance Py, we have

Pre(w) = W exp [ 500 = ) PR = )| (4.28)

or vet
In pu(w) = —In[(27)"/ 2P| = L [0 — i) TP w — )] . (429)

Hence,
WbalW) — p2t(w — ) (4.30)

which indicates that lack of information about the random variable w implies infinite vari-
ance, Py — 00, or yet P! — 0. Thus, without a priori knowledge on w we have

91n pw (W)

Fo = 0. (4.31)

This is also assumed to be the case even when the probability distribution of w is not
Gaussian.
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From (4.24) and (4.25), the maximum likelihood estimate of w can be obtained by

On pyw(2lw)  Oln py(w) 010 pyjw (2|W)
= w + S A = 0w | (4.32)
W=WMAP W=WpMT,
or equivalently,
apz|w(z|w)
—a =0. 4.
ow ) (4.33)
W=WML

The estimate Wy, is sometimes referred to as the most likely estimate. However, because
of the assumptions used in obtaining (4.33), this estimate is only reliable under certain
conditions (see Jazwinski [84], p. 157). Just as in the case of the MAP estimate, the ML
estimate is also a mode estimation, in analogy to (1.29). When we choose to refer to mode
estimation, we should always make explicit which conditional probability is being maximized
to avoid confusion, this defines whether we are performing MAP or ML estimation. As in
MAP estimation, the estimate from ML is not guaranteed to be unbiased.

4.2 Example: Estimation of a Constant Vector

In this section we exemplify the problem of estimation by treating the case of estimating
a constant (time independent) vector w by means of an observational process corrupted by
noise, represented by the vector v. We assume that w and v are independent and Gaussian
distributed: w ~ N (g, P), and v ~ A (0, R). Moreover, the observational process is taken
to be a linear transformation

z =Hw+ v (4.34)

where w is an n—vector, z and v are m—vectors, and H is an m X n matrix, referred to as the
observation matrix which accounts, for example, for linear combinations among elements
of the vector w. To obtain an estimate based on the methods described in the previous
section, we investigate the probability densities of the random variables involved in the
observational process.

For the minimum variance estimate we need to determined the a posteriori probability
density pw|,(W|z), so that we can solve the integral in (4.14). From Bayes rule we have

(el = 2 ) (135

and consequently we need to determine each one of the probability densities in this expres-
sion.

Since w is Gaussian, we can readily write

pulw) = | .

1 Tp-1
G e |5 v - W P - ) (4.3

2

Linear transformations of Gaussian distributed variables result in Gaussian distributed vari-
ables (e.g., Sage & Melsa [121], pp. T71-72; see also Exercise 4, here). Therefore, the
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probability distribution for the observations is given by

1

_ 1 Tp-1
pz(z) = 2r)yzp, 172 P —5z—n,) Pz - p,) (4.37)

where u, and P, correspond to the mean and covariance of the random variable z, respec-
tively. These quantities can be determined by applying the ensemble average operator to
(4.34), and using the definition of covariance. Thus,

p, = E{Hw} + &{v} = Hpu (4.38)

and also,
P, = &{(z-p,)(z—p,)"
E{[(Hw + v) — Hp)] [(Hw + v) — Hp)]"}
&4 [(Hw — Hp) — v][(Hw — Hyr) — v]')
= HE{(w— ) (w — )T HHT 4 £
+HE{(w — v} + E{v(w—p)THT. (4.39)

¥
]
[

Noticing that w and v are independent £{wv’} = 0, and that v has zero mean, it follows
that
P, = HPHT + R (4.40)

and consequently, the probability distribution of z becomes

1
(27)" /2| (HPHT + R)|'/?

pa(z) =

X exp [—%(z _ Hu)(HPH? + R)(z - H,u)] . (4.41)

It remains for us to determine the conditional probability density p,w (z|w) explicitly. This
distribution is also Gaussian (e.g., Sage & Melsa [121] pp. 73-74), and can be written as

1
(2m) 2P )y 112

€xp |:_1(Z - I'I’Z|W)TPZ_|1V (Z - /'l’z|w):| (442)

pzlw(z|w) = 5

Analogously to what we have just done to determine p,(z), we have

Hypw = E{HwW|w} + E{v|lw} = Hw (4.43)
and
PZ|W = g{(z - /'l’z|w)(z - MZ|W)T|W}
= {[(Hw+v) - Hw)][(Hw + v) - Hw)] [w}
= &{vvl|w)}
= &{wl}
-~ R. (4.44)
Therefore,
Pajw (2|W) = W exp —%(z —~Hw)"R7'(z - Hw) (4.45)
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which is the conditional probability of z given w.

Combining the results (4.36), (4.41), and (4.45) in Bayes rule (4.35) it follows that the a
posteriori probability distribution we are interested in takes the form

[HPH” 4+ R|!/? 1
pW|Z(W|Z) = (27T)n/2|P|1/2|R|1/2 exp[—§J] (446)

where J is defined as,

Jw) = (z-Hw)'R ' (z-—Hw) + (w— )P Y (w — p)
—(z—Hp) ' (HPH? + R)"!(z — Hp) (4.47)

This quantity J can also be written in the following more compact form:

J(w)=(w— \?V)TPV?V1 (W — W) (4.48)
where Pval is given by
P;' = P '+ H'R'H, (4.49)
the vector w is given by
W = Pg(H'R 'z 4+ P 1py) (4.50)

and the reason for using the subscript W for the matrix P, indicating a relationship with
the estimation error, will soon become clear.

According to (4.14), the minimum variance estimate is given by the conditional mean of
the a posteriori probability density, that is,

Wyy = / Whw|z(W|2) dw = W (4.51)

where the integration can be performed using the approach of moments calculation of the
Gaussian distribution (e.g., Maybeck [101]; see also Exercise 3, here).

The maximum a posteriori probability estimate (4.24) is the one that maximizes py,(w|z)
in (4.46), and is easily identified to be

Warar = W . (4.52)

Thus we see that the minimum variance estimate coincides with the maximum a posteriori
probability density estimate.

Let us now return to the reason for using the subscript W in Pg. For that, remember that
we defined the estimation error W as the difference between the estimate and the actual
value taken by the variable of interest, that is,

W=Ww-—-w. (4.53)

We want to show that P is indeed the estimate error covariance matrix. To verify this,
let us show first that ps = 0, that is, that the ensemble mean error estimate is zero for
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the minimum variance and MAP estimates. In other words, we want to show that these
estimates are unbiased. Using (4.50) we have

py = E{(W-w)}
Pi(HI Rz} + P ly) —
= Py(H'RT'H4+P Hu—p (4.54)
where we replaced z from (4.34), and we recall that v has zero mean. Therefore, using the
definition of Py in (4.49), it follows that pg = 0. Given what we know from (4.15), this

result comes as no surprise in the case of the minimum variance estimate (4.51); in case of
the MAP estimate this proves that (4.52) does provide an unbiased estimate.

To show that P is the error covariance matrix of the estimate, we observe that w can be
decomposed as

w-w = w-— PgH'R'Hw — PgH' R 'v — P3P 'y
w — Pg(Pz' - P Hw - PgH'R™'v - PP '

= PsP Y(w—-p) - PgH'R !v. (4.55)
Therefore,
var{w} = cov{W, %} = E{(W—-w)(Ww—-w)T}
= PaP '&{(w—p)(w—- )P Py
+PzHIR&{vwwI}R'HP, (4.56)

where the cross—terms give no contribution since w and v are independent, and because v
has zero mean. Using the definition of P it follows that

var{%} = P&P 'Pgs + PyH'R 'HP
= Ps(P™' + H'R'H)P4
= Py (4.57)

where (4.49) was used. This shows that Py defined in (4.49) is indeed the estimation error
covariance matrix, thus justifying its subscript w. Moreover, it is simple to see that

|Pw| = [HP'HT + R||P||R| (4.58)

and therefore (4.46) can be written as

Pute(W2) = sz el 5 (W = )P (v — ) (4.59)

justifying the rewriting of J from (4.47) to (4.48).

It is now left for us to determine the maximum likelihood estimate (4.33). This can be done
by maximizing the probability density p, (z|w) in (4.45). Hence,

0 8pz|w (Z|W)
N ow .
W=WML
= H'R !(z - H¥yy) (4.60)
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that is,

Wy = (HIRT'H)'HTR !z (4.61)
which is, in principle, distinct from the estimates obtained above, following the minimum
variance and maximum a posteriori probability estimation approaches. Remembering now
that in maximum likelihood estimation we assume lack of statistical information regarding
the process w, and observing that this means P~! = 0, we see from (4.50) and (4.49) that,
in this case,

Wy poicg = Waarlp-ig = (HIRT'H)T'HTR ™'z = W, (4.62)
and therefore all three estimation approaches produce the same result.

Applying the average operator to (4.61) we have

E{w) = HIRTH)T'HIR€{z)}
= (H'R'H)T'HIR Y HE{w) + £{v})
= H'R'H)'H'R'HE{w)
= &{w} (4.63)

where we used the fact that v has mean zero. This shows that the ML estimate is also
unbiased.

It is simple to show that the maximum likelihood estimate error covariance is given by
var{%,.} = (HTR'H)™! (4.64)

which is always greater than the error covariance obtained with the minimum variance
estimation approach. This makes sense since the minimum variance estimate is that corre-
sponding to the minimum of the Bayes risk.

Notice that all estimates above result in a linear combination of the observations. Moreover,
although in this example all three estimation procedures studied above provide the same
estimate this is not always the case. An example in which these estimates do not coincide
is given in Exercise 2.

Another remark can be made by noticing that in the maximum a posteriori probability
estimation context the denominator in (4.35) is not relevant for the maximization of the «
posteriori probability distribution, as indicated in equations (4.26) and (4.27). This implies
that we can derive the result for in (4.52) by minimizing the part of the functional J in
(4.47) corresponding only to the probability density functions in the numerator of (4.35).
That is, we can define the functional corresponding to these probability densities as

Juar(W) = (z—HwW) 'Rz - Hw) + (w — ) P Y (w — p) (4.65)

and its minimization can be shown to produces the same result as in (4.50) with error
variance as in (4.49) — see Exercise 3. Analogously, we can define a cost function related
to the a priori probability distribution associated with the maximum likelihood estimate,
that is,

Jun(w) = (z — Hw) R™!(z — Hw). (4.66)

The minimization of Jy;, gives the estimate in (4.61) with error variance (4.64).
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4.3 Least Squares Estimation

All of the estimation methods seen so far, i.e., minimum variance, maximum a posteriori
probability, and maximum likelihood, require statistical knowledge of part or all the random
variables in question. However, when going from minimum variance and MAP to ML we
relaxed the statistical assumptions by considering we knew nothing about the statistics of
the variable(s) of interest (w, in that case). Relaxing even further the statistical assump-
tions for the estimation problem takes us in to the situation where we have no statistical
information about any of the variables involved in problem. In this extreme case, estimation
reduces to the method of finding the least squares fit among the observations.

Let us consider again, as an example, the observational process in the previous section for
an n—vector constant w. Let us assume further that several observations are taken about
the variable of interest, and that the —th observation can be written as

z;, = Hw + v, (4'67)

where z;, H; and v; represent an m;—observation vector, a linear transformation matrix
m; X n and a m;—noise vector, respectively. It is important to recognize now that we are
assuming we do not know the statistics of the noise v;, and also that due to lack of statistical
information we are not interpreting w as a random vector.

By collecting the result of k experiments in a long vector, we can write the expression above
in the following compact form:

7y = Hyw 4 ¥ (4.68)
where the m—vector Z;, is defined as:
7=zl 22 - zf]T (4.69)
for 7y, = Y5, m;, and where
Ve=[vivi vt (4.70)
and the matrix ﬁk, of dimension my X n, is defined as
H,=MHH] ...H]". (4.71)

The problem we want to consider is that of finding an estimate wj which minimizes the
quadratic function 7,

- I N - St DI
T (W) = 5( k= kak)TOk YZ — Hpwy) (4.72)
which measures the distance between the observations and the estimate. The value that
minimizes this function is called the least squares estimate and is denoted by wi®. The pos-
itive definite and symmetric matrix O,;l represents weights attributed to each experiment,
and convey a certain degree of confidence regarding the experiment in question.

The estimator function J is deterministic, therefore the problem of minimizing J is a
common optimization problem, where the solution W*® can be determined by means solving,

N

OWp |y =S

— 0. (4.73)

69



Then, the differentiation of (4.72) yields
HI O (2, - HywE) = 0 (4.74)

from where it follows that

Wt = Pka Ok Zy (4.75)
which is the estimate for the value of w. For convenience we define a matrix P of dimension
n X n as

P, = (H O 'H;,)™", (4.76)
and assume that the inverse exists. The matrix P;l is sometimes referred to as the Gram
matrix. A comparison with the estimate provided by the ML (4.61) method shows certain

resemblance, however, since R and Oy are not related in any way, this resemblance is purely
formal.

Suppose now that an additional experiment was made and it produced a new observation
Zj41-
Zi+1 = Hk_|_1W + Vi41. (477)

Then, by means of the notation introduced above, we can write

2k+1 = ﬁk+1W + {}k-l-l s (478)
where
Zro = (7 204)", Hppo = H{ BT, S0 = [FIv[L]0. (4.79)

Direct use of the minimization procedure just described leads to an estimate including the
new observation zxy1, and given by

Wi = Pk+1ﬁ£+161;-|1-12k+1 ) (4.80)
where Py, is defined, in analogy to Py, as
Pryi = (Hk—|—10k+1Hk+1) h (4.81)

and 6,;1_1 is a new weight matrix that takes into account the observation zgy1.

The processing of an extra observation forces us to have to solve the minimization problem
completely again. In particular, we have to calculate the inverse of an n X n matrix for each
new observation made. This computational burden can be avoided if we assume that the
matrix 61?41-1 can be partitioned in the following manner:

0l = [ o' o ] : (4.82)

=0 o

that is, 61?41-1 is assumed to be a block—-diagonal matrix.

With this assumption, we can write the product of the matrices in Pyyq as

o ! 0 I:Ik
HI, 0! H = [HI'H k
k+1 k.|.1 k+1 [ k+1][ 0 0k-|1—1 ] [Hk-u ]
= HIO;'H) + H{,,0; Hy. (4.83)

70



Furthermore, using the definitions of the matrices P given above, we have that

Pl =P+ H[, 0, Hiy (4.84)

or yet, using the Sherman-Morrison-Woodbury formula (e.g., Golub & Van Loan [67], p
51).

Py = (P! + Hk+10k+1Hk+1)
= P, - PyH/  (H PLHE +Oppy) ' Hyy Py (4.85)

Defining a matrix Ggy1 as
Gip1 = PH], (He Py HE, + 0ppy) 7 (4.86)

we can compactly write
Pk_|_1 — (I - Gk+1Hk+1)Pk . (487)

Therefore the estimate W7 |, which includes the new observation can be re-written as

Wity = (I — GrpHpp )P HL, O) ) By (4.88)

Using the matrix partition for 07!, introduced above, we can decompose the expression

for the estimate in two terms,

k—|—17

H/,,0;} 1 = HL O % + H{,, O 2441, (4.89)
and consequently (4.88) is transformed in

Wity = [ — GrpHe]PR(A{ O %, + H 05 2411)
= [I= GrpHpp W) + [I— Gy Hip JPLH] O 25y (4.90)

where we used (4.75) to obtain the second equality.

A even better expression for the estimate can be derived if we use the definition for the
matrix Ggy1. In this case, the coefficient of the last term in the previous expression can be
re—written as

I — GppHpJPyHL O = [I = Gy Hig]
X Gry1 (Hep Py HE + 0441)O1
= [I - Gk+1Hk+1]Gk+1
x (I+ Hk+1Pka+10k+1)
= Gpyu[I+Hp PyHL, 0
—Hi1Grpr (14 Hk-|—1Pka_|_1 0,:1)]
= Guu[I+H PHL, 05
- Hk+1Pka+10k+1]
— Gy (4.91)

k+1

71



Thus, the estimate can be placed finally in the form

~ L3

Wi = Wi+ Gy (zppr — Hppa WE°) | (4.92)

where Gy41 is given by (4.86). This expression provides a recursive manner of updating
the estimate, given a new observation of the variable of interest and the estimate obtained
before the new observation had been made. This recursive expression requires inverting an
Mi4+1 X Mi41 matrix embedded in the definition of Ggyq in (4.86), rather than the n X n
matrix (4.81), for each new observation becoming available. This represents an enormous
computational savings especially for n > my, for all k.

4.4 Relationship between Least Squares and Minimum Vari-
ance

The estimates produced by the minimum variance and least squares methods are of fun-
damental importance in many studies in estimation theory. Consequently, in this section,
we explore the relationship between these two estimates.

To simplify this notation let us omit the index k from the previous section, so that the
observational process can be written just as in (4.34),

z=Hw + v, (4.93)
Moreover, the estimate of w provided by the least squares method is written as
wrs = Mz, (4.94)
where for convenience we define the n X m matrix M as

M = (HT'o~'H)"'HTO!. (4.95)

Notice that MH = I which, assuming the noise v has zero mean is a way of expressing the
fact that the estimate Wyg is unbiased. To see this, we define the error associated to the
least squares estimate as

Wis = W — Wig, (4.96)

where once again we use a tilde to indicate an error vector. Application the ensemble
average operator, and using (4.93) and (4.94), it follows that

E{Wis} = &{w - M(Hw+ Vv)]}
= —Mé&{v}
_— (4.97)

which justifies the assertion above that the least squares estimate is unbiased.
The least squares estimate error variance can be calculated according to
Py . = E{Fswl) = ME{vwwIIMT = MRM” (4.98)
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where R is the (co)variance matrix of the noise v, as defined in Section 4.3. Substituting
the value of M as defined above we have

Py, . = (H'O'H)"'H'O'RO'HH'O'H)". (4.99)

Now remember that, by the procedure of Section 4.3, the linear estimate of minimum
variance, with zero mean p,, = 0 and for which P_! = 0, is given by

Wy = (HIRTTH)'H'R 2. (4.100)

which is the same as that obtained when using the approach of maximum likelihood esti-
mation. As we know, this estimate is also unbiased, and with associated error (co)variance

Py = (H'RTH) ™, (4.101)

as it can be seen in (4.50) and (4.51), and also (4.61) and (4.64), respectively. Therefore, we
notice by comparison that the estimate obtained by the least squares method is the same
as the one obtained by linear minimum variance when the matrix of weight O used by the
first method is substituted by the noise (co)variance matrix, that is, O = R.

In general, the weight matrix used in the least squares method is a general positive definite
and symmetric matrix, without any statistical meaning; since the estimate provided by the
minimum variance approach is that with minimum variance, for the linear case, it follows
that in general

P

> P (4.102)

WLs WMy )
where the equality holds when O = R. This inequality is valid even if we do not use the
fact that the estimate Wy is that of minimum variance. To derive this inequality, we can

use the following matrix inequality
ATA > (BTA)T (BTB)"(BTA), (4.103)

for A and B, of dimensions n x m, with n > m, and B of full rank. This derivation is left
as an exercise.

EXERCISES

1. (Sage & Melsa [121], Problem 6.1) Another example of cost function, aside from those
given in the main text, is that defined by the absolute value of the error: J(w) =
|w| = |w — |, considering the scalar case. Show that in this case, the estimate W ps
that minimizes the Bayes risk is the one for which we have:

wWABS 0
[ el dw = [ puptelz)du
—00 WABS

and that consequently, the estimate with minimum absolute value can be determined
by solving;:

WABS

o 1
/ pw|z(w|z) dw = 5
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for @ = Waps. In other words, the estimate with minimum absolute value w,gs is the
median, as introduced in (1.27). Derive the corresponding modification of the result
above for the vector case, if we define the cost function to be

J(W) = Zlﬁ%l

. Consider the observational process of a binary variable (binary signal), subject to
noise (measurement errors). This scalar observation process can be written as

z=w+ v

where w and v are independent, and v is a gaussian noise, represented by A(0,02).
The signal w follows the binary distribution defined as

Pw(w) =050 (w— 1) + 0.55(w+ 1)
where d represents the Dirac delta. Then,

(a) Determine the a priori probability density p.,(z|w).
(b) Show that the probability density p.(z) is given by?

p=(2) = ﬁ {eXp [—%1 + exp l—%”

(c) Show that the maximum a posteriori probability estimate is wWyp = sign(z).

(d) Show that the minimum variance error estimate is wyy = tanh (;—2)

v

In the minimum variance estimation case, what happens when the observations be-
come more accurate?

. Show that the solution of the minimization of Jy,p in (4.65) is given by (4.50) with
error estimate (4.49).
. Writing a few terms for the traces in the expressions below, verify that:
d[Tr(AB
() S =B

d[Tr(ACAT
(b) [ r(dA )]

T where AB is symmetric
= 2AC, where C is also symmetric

Notice that is z is a scalar, we define its derivative with respect to a matrix A according
to:
dz dz
da da
N
dw da21 da22

dA ~

where a;; is the (¢, j)-th element of matrix A.

2If a random variable z is defined as the summation of two independent random variables w and v the
probability of z can be obtained via the convolution integral:

pa(z) = / po(z — V)po(v) do
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5. Show that

_ T -1
Git1 = PrHp 1O

is an alternative expression for the gain matrix G4y found in the least squares esti-
mation method.

6. Let A and B be to n x m matrices, with n > m, and with B full rank (m). Show that
ATA > BTA)T (BTB)"1(BTA).
(Hint: Use the following inequality:
(Ax + By)"(Ax+By) >0

valid for any two m-vectors x e y.) Now, to show the inequality in (4.102), without
making use of the fact that Wysy is a minimum variance estimate for the linear case,
make the following choice:

A=R'*M", B=R"'H

and complete the proof as suggested in the end of section 4.5.
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