
Chapter 4

Stochastic Processes

Clearly data assimilation schemes such as Optimal Interpolation are crucially dependent on the
estimates of background and observation error statistics. Yet, we don’t know what these covari-
ances are, nor do we have enough observations to be able to estimate them. Thus we are left
to parameterize or approximate them using some simplifying assumptions such as stationarity, or
homogeneity or isotropy. These assumptions may not be valid, but some sort of simplification is
necessary in order to reduce the number of unknown parameters to a number small enough to be
estimated using the observations.
As we saw in the chapter on OI, we modelled the background error covariances by defining a

continuous autocorrelation function which could be evaluated at model grid points or observation
locations to produce correlation matrices. Thus, it would be useful to know more about autocor-
relation functions for continuous processes. This subject comes from time series analysis or signal
processing. The parameter is then time, rather than spatial dimensions. Since time is only 1
parameter and space can be up to 3 parameters, it is definitely easier to learn about covariance
functions in the time series analysis context. At the end of this chapter, we briefly note the parallels
for random fields (another entire subject unto itself) without going into details.

4.1 Definitions

A time varying random variable x(t) is called a random process. That is, at each instant in time,
xt is a random variable with no precise value, but rather a range of possible values, each with an
associated p.d.f. describing the likelihood of each possible value. Random processes arise because

1. The physical system generating the process may have some random elements, e.g. the Brow-
nian motion of particles suspended in a liquid.

2. The observation of the system involves measurement error.

3. The system may be deterministic but too complex to be completely specified.

More precisely, the random process x(t, ω) is defined on a product space T x Ω where T is a
subset of R and Ω is a sample space. However, for simplicity, we will drop the explicit reference to
the events and speak of the random process, x(t).
Suppose we observe x(t) from an experiment that can be repeated under identical conditions.

Then x(t) is only 1 possible realization of many possible realizations which together form an
ensemble (see Fig. 4.1).
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Figure 4.1: Ensemble of sample realizations of a random process. (After Brown and Hwang (1977)
Fig. 2.2, pg. 74)
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Example 4.1 Card Game
A player takes a card from a deck, records the value (1-13) and returns it to the deck. The deck

is reshuffled and the experiment repeated. This defines a random process which is discrete in time
and amplitude.

Example 4.2 Signal
Consider a signal generated as follows:

1. There is a sample and hold pattern with a hold of 1 second.

2. The amplitude is random from a uniform distribution between [-1,1].

3. The first switching time after t = 0 is a random variable with a uniform distribution from 0
to 1.

A sample realization of such a process is depicted in Brown and Hwang (1997)’s Fig. 2.3.
The mean of the process is

µx(t) =

∫ 1

−1
x(t)px(t)(x)dx =

∫ 1

−1

1

2
x(t)dx =

1

4
x2

∣

∣

∣

∣

1

−1
= 0. (4.1)

Since the mean is 0, the variance is given by E(x2).

σ2x =

∫ 1

−1
x2(t)px(t)(x)dx =

∫ 1

−1

1

2
x2(t)dx =

1

6
x3

∣

∣

∣

∣

1

−1
=
1

3
. (4.2)

The variance of the process at any instant, t is 1/3.

Example 4.3 Another signal
Consider a similar signal except

1. The hold pattern lasts 0.2 seconds,

2. The amplitude is random from a Gaussian distribution with mean 0 and variance 1/3.

3. The first switching time after t = 0 is not random but at 0.2 seconds.

A sample realization of this process is also found in Brown and Hwang (1997)’s Fig. 2.4.
The mean and variance of the Gaussian at any time t are 0 and 1/3.

In the last two examples, both processes had the same mean and variance yet they were clearly
very different processes. The first one varies much more slowly in time than the second one. Clearly
it is insufficient to describe a process by a mean and variance alone. What else is needed? It would
be useful to know how quickly values change with time for a given realization, i.e.

F2(x1, t1; x2, t2) = P [x(t1) ≤ x1, x(t2) ≤ x2]

p2(x1, t1; x2, t2) =
∂2F2(x1, t1; x2, t2)

∂x1∂x2
.

Here p2 is a second-order joint p.d.f. Higher order p.d.f.’s can be similarly defined but rarely does
one attempt to deal with anything higher than second order.
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Since it is difficult to completely define a p.d.f. let alone higher order p.d.f.’s, we can at
least try to indicate how the process is correlated with itself at different times. This is what the
autocorrelation function describes. Fig. 4.4 of Maybeck illustrates the autocorrelation functions
for two different processes. When t1 = t2, the autocorrelation function depicts the variance of the
process. If the autocorrelation function drops off quickly with (t1−t2), then the correlation between
the process at two different times drops rapidly as the time interval increases. However, for a slowly
decreasing autocorrelation function (see left panel of Maybeck’s Fig. 4.4), the correlation between
the process at different times drops slowly as the time interval increases.

4.2 The Auto-correlation Function

The auto-correlation function is the first moment or mean of the second order joint p.d.f. and is
defined by

Γx(t1, t2) = E(x(t1)x(t2)
T) = E(x1x

T
2 ). (4.3)

if we denote xk = x(tk). In the scalar case, we could then write

Γx(t1, t2) =

∫ ∞

−∞

∫ ∞

−∞
x1x2px1x2

(x1, x2)dx1dx2. (4.4)

However, this is not always an easy way to evaluate the autocorrelation function because it requires
knowledge of the p.d.f. Similarly, we could define a cross-correlation function between two
random variables, x and y:

Γxy(t1, t2) = E(x(t1)y(t2)
T) =

∫ ∞

−∞

∫ ∞

−∞
xypxy(x(t1), y(t2))dxdy. (4.5)

where the second equality is for the scalar case. If E(x(t1))=E(x(t2))=E(y(t2))=0, these correlation
functions are the covariances of the random variables. If they are normalized by standard deviations,
i.e.

ρ =
E(xy)− E(x)E(y)

σxσy

they become correlation coefficients which vary from -1 to 1 and measure the linear dependence
between variables.
In the case of vector-valued random processes (for example wind measurements, since winds

can be viewed as (u,v,w)) the autocorrelation function is called the autocorrelation matrix. It is
defined by

Γx(t1, t2) = E(x(t1)x(t2)
T)

=

∫ ∞

−∞

∫ ∞

−∞
zy

Tpx(t1)x(t2)(z,y)dzdy

(4.6)

or

Γx(t, t+ τ) = E(x(t)x(t+ τ)T)

=

∫ ∞

−∞

∫ ∞

−∞
zy

Tpx(t)x(t+τ)(z,y)dzdy. (4.7)

The autocorrelation is the ensemble average of the product of x(t1) and x(t2). Since we usually
don’t know the joint p.d.f. it is difficult to compute using the above. However, if the ergodic
hypothesis is valid, we can replace ensemble averages with time averages.
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4.2.1 Auto-correlation function properties

1. Γx(t1, t2) = E{x(t1)x(t2)
T} = [E{x(t2)x(t1)

T}]T = Γx(t2, t1)
T .

2. Γx(t, t) = E(x(t)x(t)T) = E(|x(t)|2) ≥ 0 .

3. Γx(t1, t2) is positive semi-definite.

Proof of property (3):

Let a = (a1, a2, . . . , an)
T. For any a we have that

E{|
n
∑

i=1

aix(ti)|
2} ≥ 0

but

E{|
n
∑

i=1

aix(ti)|
2} = E{

n
∑

i=1

n
∑

j=1

aix(ti)x(tj)
Taj}

=
n
∑

i=1

n
∑

j=1

aiE{x(ti)x(tj)
T}aj

=
n
∑

i=1

n
∑

j=1

aiΓx(t1, t2)aj

Therefore,

n
∑

i=1

n
∑

j=1

aiΓx(t1, t2)aj = a
TΓx(t1, t2)a ≥ 0..

In other words, Γx(t1, t2) is positive semi-definite.

4.3 Other definitions

The auto-covariance matrix is

Cx(t1, t2) = E[(x(t1)− µx
(t1))(x(t2)− µx

(t2)
T] = Γx(t1, t2)− µx

(t1)µx
(t2)

T.

Two random processes, x(t) and y(t) are called uncorrelated if their cross-covariance is 0, i.e.

E[(x(t1)− µx
(t1))(y(t2)− µy

(t2))
T] = 0.

The processes x(t) and y(t) are orthogonal if the correlation matrix is 0,

E[x(t1)y(t2)
T] = 0.

A process x(t) is serially uncorrelated if

E[(x(t1)− µx
(t1))(x(t2)− µx

(t2)
T] = Q(t1, t2)δ(t1 − t2)
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where
∫ b

a
δ(t)dt =

{

1 if a ≤ t ≤ b
0 otherwise.

For discrete time processes a similar definition exists. A random sequence x(t) is serially uncor-
related if

E[(x(k)− µ
x
(k))(x(j)− µ

x
(j)T] = Q(k, j)∆(k − j)

where

∆(k − j) =

{

1 if k = j
0 otherwise.

A stochastic process x(t) is independent when for all τ ,

px(t)x(τ)(x(t),x(τ)) = px(t)px(τ).

i.e. for an x1, . . . , xn,

px1,x2,...,xn(x1, x2, . . . , xn) =
n
∏

i=1

px(t1)(xi).

If the process is independent, then it is uncorrelated in time. The reverse is NOT true however.

4.4 Stationarity

A process is stationary if the density functions are invariant in time. Consider

x1 = x(t1),x2 = x(t2), . . . ,xk = x(tk).

Translate this in time by τ :

x′1 = x(t1 + τ),x′2 = x(t2 + τ), . . . ,x′k = x(tk + τ).

If the process is stationary, then the densities

px1
(x1), px1x2

(x1,x2), . . . , px1x2...xk
(x1,x2, . . . ,xk)

are the same for both time series. Thus, not only the p.d.f.s are the same, but also all higher
order joint p.d.f.s are the same despite the translation in time. This is stationariy in the strict
sense. However, this is very difficult to verify in practice, since it is difficult to determine higher
order p.d.f.’s. In practice, we use wide sense stationarity (WSS) in which (1) the first moment
is independent of time, and (2) the autocorrelation depends only on the time interval between
events. Thus, for WSS stationary processes, the mean (E[x(t)] = µ) is independent of time, and
the auto-correlation is a function of time interval:

Γx(t, t+ τ) = Γx(τ).

For a scalar process, x(t), we can define the autocovariance function as:

Cx(τ) = E[(x(t)− µ)(x(t+ τ)− µ)].
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Figure 4.2: The autocovariance of a stationary process refers to the covariance of a process with
itself, translated in time.

Fig. 4.2 illustrates the idea that the autocovariance function measures the covariance of a process
with itself, translated in time.
Note that:

Cx(0) = E[(x(t)− µ)2] = σ2

ρx(τ) =
E[(x(t)− µ)(x(t+ τ)− µ)]

√

E[(x(t)− µ)2]
√

E[(x(t+ τ)− µ)2]
=

Cx(τ)

σ2
=

Cx(τ)

Cx(0)
≤ 1

Thus,
Cx(τ) ≤ Cx(0).

Fig. 4.3 depicts a generic correlation function for a continuous parameter process.

Figure 4.3: The autocorrelation function of a continuous parameter process. (After Priestley 1981,
Fig. 3.4)

If x(t) is stationary, its auto-correlation function is given by

Γx(τ) = E[x(t)x(t+ τ)T] = Cx(τ) + µx
(t)µ

x
(t+ τ)T.

The auto-correlation function for a scalar stationary process, x(t) has the following properties.

1. Γx(0) is the mean square value of the process.
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Figure 4.4: Some sample realizations of the process x(t)=c, where c is a random constant.

2. Γx(τ) = Γx(−τ). Γx is an even function of τ .

3. |Γx(τ)| ≤ Γx(0). (Since |ρx(τ)| = |
Cx(τ)
Cx(0)

| = |Γx(τ)+µ2

Γx(0)+µ2 | ≤ 1.)

4. If x(t) has periodic components, so does Γx(τ). (Write x(t) as a sum of periodic and nonpe-
riodic components and compute Γx(τ). A constant is a special type of periodic function.)

5. If x(t) has no periodic components, Γx(τ) → 0 as τ → ∞. Thus, x(t), x(t + τ) become
uncorrelated as τ →∞ and the process mean is 0.

6. Γx(τ) is positive semi-definite.

7. The Fourier transform of Γx(τ) is real, symmetric and non-negative.

4.5 Ergodicity

A random process is ergodic if time averaging is equivalent to ensemble averaging. This means
that a single realization contains all possible statistical variations of the process. In other words,
there is no advantage in observing an ensemble of realizations.

Under the ergodic hypothesis,

E(x(t)) = lim
T→∞

1

2T

∫ T

−T
x(t)dt

E(x2(t)) = lim
T→∞

1

2T

∫ T

−T
x2(t)dt

Γx(τ) = lim
T→∞

1

2T

∫ T

−T
x(t)x(t+ τ)dt

Γxy(τ) = lim
T→∞

1

2T

∫ T

−T
x(t)y(t+ τ)dt.

Example 4.4 Constant
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Consider the process, x(t) = c, where c is N (0, σ2). This model is appropriate for random
instrument bias. Consider some realizations of this process as depicted in Fig. 4.4. The time
means are a0, a1, a2, a3. The ensemble mean is 0 (since the mean of c is 0). The process is
NOT ergodic because time means and ensemble means are not equivalent. However, the process is
stationary because its “statistics” do not change with time.

Example 4.5 (Gelb p.38)

Consider

x(t) = A sin(ωt+ θ)

where θ is uniformly distributed in [0, 2π]. An ensemble average would find all θ represented with
equal probability. Also a single realization of x(t) would find all θ equally represented. However if
the distribution of θ were anything other than uniform, this would not be an ergodic process.

The joint p.d.f. of x1 = x(t) and x2 = x(t+ τ) is

p(x1, x2) =
1

2π
, 0 ≤ θ < 2π.

The ensemble average autocorrelation is:

Γx(t, t+ τ) =

∫ 2π

0
x(t)x(t+ τ)p(x(t), x(t+ τ))dθ

=

∫ 2π

0
A sin(ωt+ θ)A sin(ωt+ ωτ + θ)

1

2π
dθ

=
A2

4π

∫ 2π

0
[cos(ωτ)− cos(2ωt+ ωτ + 2θ)]dθ

=
A2

4π
2π cos(ωτ) =

A2

2
cos(ωτ). (4.8)

To get the third line, we used the trigonometric equality

2 sin(a) sin(b) = cos(a− b)− cos(a+ b).

The time-averaged auto-correlation is

Γx(τ) = lim
T→∞

1

2T

∫ T

−T
x(t)x(t+ τ)dt

= lim
T→∞

1

2T

∫ T

−T
A sin(ωt+ θ)A sin(ωt+ ωτ + θ)dt

= lim
T→∞

A2

2T

1

2

∫ T

−T
[cos(ωτ)− cos(2ωt+ ωτ + 2θ)]dt

= lim
T→∞

A2

4T
2T cos(ωτ) =

A2

2
cos(ωτ). (4.9)

The two results are the same so x(t) is an ergodic process.

Example 4.6 Consider the process x(t) = A sin(ωt) where A is N (0, σ2). Is this process ergodic?
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The ensemble average auto-correlation is

E(x(t1), x(t2)) = E(A sin(ωt1)A sin(ωt2)

= E(A2) sin(ωt1) sin(ωt2)

= σ2 sin(ωt1) sin(ωt2). (4.10)

The time average auto-correlation is

Γx(τ) = lim
T→∞

1

2T

∫ T

−T
A sin(ωt)A sin(ωt+ τ)dt

= lim
T→∞

A2

4T

∫ T

−T
[cos(ωτ)− cos(2ωt+ ωτ)]dt

= lim
T→∞

A2

4T
2T cos(ωτ) =

A2

2
cos(ωτ). (4.11)

The process is not ergodic since the time and ensemble average auto-correlation functions are not
the same. Moreover, the ensemble average auto-correlation does not reduce to a function of t1 − t2
so the process is not stationary either.

4.6 The Wiener-Khintchine Relation

The power spectral density function is the Fourier transform of the auto-covariance function. For
a stationary process:

Sx(ω) =

∫ ∞

−∞
Cx(τ)e

−iωτdτ

Cx(τ) =
1

2π

∫ ∞

−∞
Sx(ω)e

iωτdω. (4.12)

Because Cx(τ) is a real and even function of τ (that is Cx(−τ) = Cx(τ)), Sx(ω) is real and symmetric
(or even) function of ω. It is also useful to note that

Cx(0) = E[x2(t)] =
1

2π

∫ ∞

−∞
Sx(ω)dω ≥ 0.

Thus the area under the power spectrum of any process is positive. One can go further and show
that the spectrum, Sx(ω) ≥ 0 (e.g. see Papoulis 1965, p. 328). Moreover, a function, Sx(ω) is a
power spectrum if and only if it is positive.

One interpretation of the power spectrum is as an average of Fourier transforms of an ensemble
of realizations. To see this, consider an ensemble of functions, x(t), over a finite time span, [0, T ].
Each realization has a Fourier transform, x̃(t). Consider,

E

[

1

T
|x̃T (t)|

2
]

→
∫ ∞

−∞
Cx(τ)e

−iωτdτ = Sx(ω)

as T →∞. It can be shown that the average of Fourier transforms of realizations yields the power
spectral density. (For details of this argument see Brown and Hwang 1997, ch. 2.7, p. 87-88).
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Example 4.7 Consider a random process with covariance function

Cx(τ) = σ2e−|τ |/T .

What is the spectral density function?
By definition,

Sx(ω) =

∫ ∞

−∞
Cx(τ)e

−iωτdτ

= σ2
∫ ∞

−∞
e−|τ |/T e−iωτdτ

= σ2
∫ 0

−∞
e(1/T−iω)τdτ + σ2

∫ ∞

0
e−(1/T+iω)τdτ

= σ2
1

1/T − iω
e(1/T−iω)τ |0−∞ + σ2

−1

1/T + iω
e−(1/T+iω)τ |∞0

= σ2
1

1/T − iω
− σ2

1

1/T + iω
(−1)

= σ2
1/T + iω

1/T 2 + ω2
+ σ2

1/T − iω

1/T 2 + ω2

= σ2
2/T

1/T 2 + ω2
(4.13)

This function is illustrated in Maybeck (1979)’s Fig. 4.6. The middle panels show the autocorrela-
tion function and its spectral density.

4.7 Special processes

4.7.1 Markov processes and sequences

A random process is called Markov if future statistics depend only on the present state and not on
the past ones, i.e.

p(x(ti)|x(τ); τ ≤ ti−1) = p(x(t)|x(ti))

where t1 < t2 < . . . < ti. For discrete time processes (random sequences) we can say a random
sequence is Markov if

p(xi|xk, k ≤ i− 1) = p(xi|xi−1).

Markov processes are important because the solution to a first-order differential or difference equa-
tion forced by an independent process is Markov. For example, equations of the form:

ẋ(t) = F(t)x(t) +G(t)w(t)

xk = Φk−1xk−1 +Gk−1wk−1.

As we shall see, these stochastic-dynamic equations define the true system to which the Kalman
filter is applied. Additionally, note that for atmospheric dynamics, our forecast models could be
described by

ẋ(t) = F (x, t)x(t) +G(x, t)w(t)

since the dynamics are nonlinear. Also, the function which maps model error into the model state,
G, may also be a function of the state.
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4.7.2 Gaussian processes

x(t) in n-dimensions is Gaussian if for any t1, t2, . . . , tN , p(x(t1),x(t2), . . . ,x(tN )) is jointly Gaus-
sian. Let z = (x(t1),x(t2), . . . ,x(tN ))

T then

pz(z) =
1

(2π)(Nn/2)|Pz|1/2
exp[−

1

2
(z − µ

z
)TP−1

z
(z − µ

z
)].

Note that z is an Nn dimensional vector. Pz is given by

Pz = E[(z− µ
z
)(z− µ

z
)T].

Pz is an Nn × Nn matrix. Pz can also be viewed as an N × N matrix with elements which are
n× n matrices. The ijth submatrix of Pz is

(Pz)ij = E[(x(ti)− µx
(ti))(x(tj)− µx

(tj))
T].

Gaussian processes have some important properties:

1. All statistics of a Gaussian random process are completely determined by its first and second
order statistics.

2. Any linear function of a Gaussion random process is a Gaussian random process.

3. Uncorrelated Gaussian random processes are independent since Pz becomes block diagonal.

4.7.3 Gauss-Markov processes

A stationary Gaussian process, x(t), with an exponential auto- correlation function is called Gauss-
Markov. The auto-correlation function is then

Γx(τ) = σ2e−|τ |/T

with spectral density:

Sx(ω) =
2/T

1/T 2 + ω2

where σ2 is the mean square value and T is a time constant. Since

lim
τ→∞

Γx(τ) = 0

the mean value, E(x(t)) is 0. The Gauss-Markov process is important because it fits may physical
processes (e.g. xk+1 = fxk + εk, εk is N (0, σ

2
x)) and because it has a simple mathematical de-

scription. As with all stationary Gaussian processes, specification of the autocorrelation function
completely defines the process. Here is an example to illustrate this.

Example 4.8 x(t) is Gauss-Markov with auto-correlation function,

Γx(τ) = 100e
−2|τ |.

What is the 3rd order p.d.f., px1x2x3
(x1, x2, x3) where x1 = x(0), x2 = x(1/2), x3 = x(1)?

74



Figure 4.5: Wideband system noise. A system often has only a limited range of frequencies to
which it can respond. If noise driving the system is wideband, then it is effectively white.

First note that limτ→∞ Γx(τ) = 0 so that E(x(t)) = 0. Thus we can immediately write the third
order p.d.f. as

px1x2x3
(x1, x2, x3) =

1

(2π)(3/2)|C|1/2
exp[−

1

2
xTC−1x] (4.14)

where x = (x1, x2, x3)
T and

C =







< x21 > < x2x1 > < x3x1 >
< x1x2 > < x22 > < x3x2 >
< x1x3 > < x2x3 > < x23 >






=







100 100e−1 100e−2

100e−1 100 100e−1

100e−2 100e−1 100






. (4.15)

4.7.4 White Noise

White noise is a stationary random process with a constant spectral density, Γ(τ) = Cδ(τ). The
spectral density is then S(ω) = C, where

∫ ∞

−∞
δ(τ)dτ = 1

and

δ(τ) =

{

∞ τ = 0
0 τ 6= 0

.

Such a process is physically unrealizable because it has infinite variance. Although not physical,
white noise is useful mathematically for constructing (shaping) other processes by sending the white
noise through a linear system. Also, the concept of band limited white noise is physically plausible.
Band limited white noise has a constant spectral amplitude over a finite range of frequencies. For
example, a system may have only a limited range of frequencies to which it can respond while
the noise driving the system is constant over a wide band (extending over a broader range of
frequencies). In this case, the noise is effectively white. This situation is illustrated in Fig. 4.5.

4.7.5 White Gaussian noise

x(t) is a white Gaussian process if for any t1, t2, . . . , tN , (x(t1),x(t2), . . . ,x(tN ))
T are independent

Gaussian random vectors. Thus the process is Gaussian in space, but white in time.
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4.8 Spatially random fields

When a random variable is a fnction of time, it becomes a random process. When it is a function
of space, it becomes a random field.
A random field is a function of the events ω in the probability space, Ω but also a function of

spatial position, r ∈ Rn. For example, the random field x may be written as

x(r) = [x1(r), x2(r), . . . , xn(r)]
T.

A common example of a random vector field is the 3D velocity field, i.e.

x(r) =







u(x, y, z)
v(x, y, z)
w(x, y, z)






.

We can define the probability distribution and densities for random fields using the same sort
of extensions that were made for random processes. i.e. The probability distribution and density
functions are

Fx(x, r) = P [{ω : x(r) ≤ x; r ∈ Rn})

px(x, r) =
∂Fx(x, r)

∂x
.

The mean value of a random field is given by

µ
x
(r) = E[x(r)] =

∫ ∞

−∞
xpx(x, r)dx (4.16)

and the auto-covariance matrix of a random spatial field is

Cx(ri, rj) = cov(x(ri),x(rj)) = E{[x(ri)− µx
(ri)][x(rj)− µx

(rj)]
T}

= E{x(ri)x(rj)
T} − µ

x
(ri)µx

(rj)
T (4.17)

for two points in space, ri and rj .
For a scalar random field, x(r), the mean is a scalar field, µ(r) and the covariance matrix become

a covariance function, Cx(ri, rj). The variance is defined by the covariance function for ri = rj , i.e.

σ2x(r) = Cx(r, r).

The spatial correlation function can then be defined as:

ρx(ri, rj) =
Cx(ri, rj)

σx(ri)σx(rj)
.

A scalar random field is spatially uncorrelated when

Cx(ri, rj) =

{

σ2x(r), for ri = rj = r
0, otherwise

. (4.18)

A spatially uncorrelated field is also called a white field.
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Many of the concepts developed for random processes have analogies for random fields. For
example, Markov processes correspond to Markov fields. Similarly, we can have Gaussian fields and
white fields. The parallel concept to stationarity for random processes is that of homogeneity for
random fields. For a homogeneous field, its mean value is independent of space and its covariance
depends only on the vector distance between two points. Thus

µx(r) = µ

Cx(ri, rj) = Cx(ri − rj) = Cx(r). (4.19)

A spatial field is isotropic if its covariance depends only on the scalar distance between two points,
i.e.

Cx(ri, rj) = Cx(|ri − rj |) = Cx(r). (4.20)

The spectral density function can be defined as the Fourier transform of the autocovariance function
for homogeneous random fields. For real random fields,

Cx(r) =

∫

Rn
cos(wTr)Ĉx(w)dw (4.21)

Ĉx(w) =
1

(2π)n

∫

Rn
cos(wTr)Cx(r)dr. (4.22)

Using this, one can then determine criteria for which a function can be a covariance function. The
necessary and sufficient condition for a continuous function Cx(ri, rj) in R

n to be a covariance
function is that it be positive semi-definite, that is,

∫

Rn

∫

Rn
Cx(ri, rj)f(ri)f(rj)dridrj ≥ 0 (4.23)

for any function, f(r). Using the spectral representation above, the condition for a continuous,
symmetric function to be a covariance function is that its spectral function be positive semi-definite:

Ĉx(w) ≥ 0 (4.24)

for w ∈ Rn. The special form for isotropic covariance functions in two-dimensions is discussed in
Todling (1999).
The subject of random fields is a very big one and we have only summarized a few facts here.

For more detail, see the books by Yaglom (1987) or Christakos (1992).
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4.9 Problem Set 4

1. (Todling ch. 2, #2) Calculate the power spectrum of the stationary processes having the
following auto-covariance functions:

(a) Gaussian pulse: Γ(τ) = σ2e−τ2/T 2

(b) Damped cosine wave: Γ(τ) = σ2e−β|τ | cosω0τ

(c) Triangular pulse:

Γ(τ) =

{

1− |τ |, for|τ | ≤ 1
0, otherwise.

2. (Todling ch. 2, #3) The stationary process x(t) has mean µ=const. and an autocorrelation
function of the form

Γ(t, t+ τ) = Γ(τ) = σ2e−τ2/T 2

Another process y(T ) is related to x(t) by the deterministic equation

y(t) = ax(t) + b

where a and b are known constants.
(a) What is the auto-correlation function for y(t)?
(b) What is the cross-correlation function Γxy(τ)?

3. (Todling ch. 2, #4) Two random processes are defined by

x(t) = asin(ωt+ θ)

y(t) = bsin(ωt+ θ)

where θ is a random variable with uniform distribution between 0 and 2π, and ω is a known
constant. The coefficients a and b are both normal random variables, N(0,σ2) and are corre-
lated with a correlation coefficient ρ. What is the cross-correlation function Γxy(τ)? (Assume
a and b are independent of θ.)

4. (Todling ch. 2, #5) Show that the following are admissible candidates for a covariance
function:

(a) Cx(r) = aδ(r), for a > 0 and r ∈ Rn,
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(b) Cx(x, y) = Cx(r = |x − y|) = Π exp(−r2), for x, y ∈ R. (Hint: In this case, the proof
can be obtained by either showing that (4.23) is true or showing that (4.24) is satisfied.
Use (4.23) and expand exp(2xy) in Taylor series.)
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